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In a preceding paper we introduced a formalism to study the scattering of low intensity fields from a system
of multi-level emitters embedded in a 3D dielectric medium. Here we show how this photon-scattering relation
can be used to analyze the scattering of single photons and weak coherent states from any generic multi-level
quantum emitter coupled to a 1D waveguide. The reduction of the photon-scattering relation to 1D waveg-
uides provides for the first time a direct solution of the scattering problem involving low intensity fields in the
waveguide QED regime. To show how our formalism works, we consider examples of multi-level emitters and
evaluate the transmitted and reflected field amplitude. Furthermore, we extend our study to include the dynam-
ical response of the emitters for scattering of a weak coherent photon pulse. As our photon-scattering relation
is based on the Heisenberg picture, it is quite useful for problems involving photo-detection in the waveguide
architecture. We show this by considering a specific problem of state generation by photo-detection in a multi-
level emitter, where our formalism exhibits its full potential. Since the considered emitters are generic, the
1D results apply to a plethora of physical systems like atoms, ions, quantum dots, superconducting qubits, and
nitrogen-vacancy centers coupled to a 1D waveguide or transmission line.
I. INTRODUCTION
Efficient light-matter interfaces at the few to single-photon
level are crucial for quantum information processing and fu-
ture quantum technologies [1–5]. Traditionally, such inter-
faces have been pursued with atoms coupled to a single mode
of an optical cavity with a high Q factors, in the regime of
cavity quantum electrodynamics (QEDs) [6]. The strong con-
finement of light in optical cavities, however, also poses a lim-
itation to their integration into quantum networks, which relies
on the efficient out-coupling of light [7]. As such, currently
a wide variety of physical systems are being studied where
one achieves good light-matter interface, which can be inte-
grated in future with opto-electronics [8–27]. Among these,
waveguides coupled to quantum emitters have turned out to
be a viable alternative [28].
The study of photon scattering in waveguides traditionally
considers an emitter either coupled to a continuous set of
freely propagating waveguide modes or coupled to a discrete
set of modes via an optical cavity. A key question in such sys-
tem is then, how to efficiently evaluate the photon reflection
and transmission amplitudes, which are due to the medium’s
response corresponding to different pathways of scattering. In
the past decades several approaches have been introduced to
solve this problem. For example, one of the early approaches
uses the Lippmann-Schwinger formalism in a Schro¨dinger
picture to evaluate the reflected and transmitted field ampli-
tudes [29–33]. This formulation, even though exact, cannot
be applied for propagating photons interacting with separated
multi-level emitters. Alternatively, some studies have used
the transfer matrix method which is particularly useful in the
weak excitation regime, where the emitters can be considered
to be linear scatterers [34, 35].
To solve the problem of photon scattering from nonlinear
emitters, an input-output formalism was developed although
only for a two-level emitter coupled to a 1D waveguide [36].
An analogous approach was later introduced for supercon-
ducting qubits coupled to a 1D transmission line [37]. There
are several other frameworks to solve the scattering problem
for nonlinear emitters coupled to 1D waveguides [16, 19, 38–
40]. Recently the formalism of Ref. [36] was generalized
to multi-level emitters coupled to a 1D waveguide [41]. Fur-
thermore, in a related work a path integral formalism-based
scattering matrix was developed to study few-photon scatter-
ing dynamics in the non-Markovian regime [42]. Typically, all
these approaches reduces to setting up the problem by either
linearization, or by restricting the system to two-level emitters
and a 1D waveguide and then numerically solving it. Even
then, the solution of the full photon-scattering problem from
multi-level emitters in the paradigm of waveguide QED, re-
mains quite tedious even for a single photon.
In a preceding paper we developed a general photon-
scattering relation from a system of multi-level quantum emit-
ters embedded in a 3-dimensional dielectric medium [43]. The
theoretical framework for this problem involved a set of ex-
cited and ground-state subspaces Me and Mg respectively.
Each of these subspaces are spanned by the manifold of the
excited (|e〉) and ground (|g〉) states of the emitters. The the-
ory is applicable to incident fields with a sufficiently low in-
tensity, e.g., single-photon or weak coherent states, so that
saturation effects can be ignored. In this limit, the coupling
between the two subspaces can be treated perturbatively. We
showed that our theory provides a solution for the amplitudes
of the scattered fields, in terms of the input-photon amplitude
and the dynamical response of the emitters. As a continuation
of Ref. [43], in this paper we apply the formalism to the par-
ticular case of 1-dimensional waveguides and show how it can
be used to solve a variety of scattering problems. Following
Ref. [43], we derive a photon-scattering relation for a system
of multi-level emitters coupled to a 1D waveguide in the form
aˆl,out = aˆl,in +
∑
l′
∑
gg′
σˆg′gSll′gg′ aˆl′,in. (1)
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FIG. 1. Schematic of photon scattering from a generic system of emitters coupled to a waveguide. The emitters can be either a simple two-level
system with a decay Γ or have multiple levels. These can be separated into two subspaces: an excited-state manifold Me and a ground-state
manifold Mg . The couplings between the two manifolds Vˆ+(Vˆ−) are assumed to be perturbative while the excited states experience decay
modeled by the Lindblad operators Lˆk. The couplings within the excited and ground-state manifold are shown by the wiggly and straight
arrow-headed lines respectively. The 1D waveguide supports both forward and backward propagating modes of an input photon represented
by the operators af and ab, respectively. Furthermore, the symbols r and t represent the reflection and transmission co-efficients satisfying the
relation |r|2 + |t|2 = 1. Photons scattered from the emitters can decay to outside modes and into the waveguide with decay rates of Γ′ and
Γ1D, respectively.
Here aˆl,in and aˆl,out are the input and the output field-mode op-
erators in the waveguide, σˆg′g is an operator in the Heisenberg
picture giving the dynamics within the ground-state manifold
{|g〉, |g′〉} of the emitters, while the superscripts (l, l′) signify
the directionality (forward, backward propagation) of photons
in the waveguide. The kernel Sll′gg′ is the scattering amplitude
which can be evaluated once the coupling of the emitters has
been determined.
In the following section we give a detailed derivation of
Eq. (1) and discuss how to evaluate the ground-state dynam-
ics in terms of the operator σˆg′g. Furthermore, it will also be
apparent that Eq. (1) has the following salient features (a)
it provides a direct solution of the scattering problem assum-
ing Markovian dynamics for weak input fields, (b) it can in-
clude any kind of dipole emitters coupled to the 1D mode of
a waveguide and (c) it uses effective operators (EOs) to give
a full solution of the emitter dynamics keeping track of all
the phases and scattering component. The introduction of the
EOs basically amounts to adiabatic elimination of the excited
states and describing the system dynamics solely in terms of
the ground-states evolution [44]. Thus, by using EOs, the
complications arising from multiple emitters in the scatter-
ing problem, can be reduced to solving the dynamics for the
ground-state coherences and populations.
The article is organized as follows: In Sec. II we give the
detailed derivation of Eq. (1) starting from the photons scat-
tering relation developed for a general dielectric medium in
Ref. [43]. In Sec. III we then elaborate on the physical
processes that contribute to the non-Hermitian Hamiltonian,
which is the key quantity for determining the scattering rela-
tion, and explain what the different terms in this Hamiltonian
correspond to. Readers primarily interested in the application
of the photon scattering formalism are encouraged to visit Sec.
IV directly to avoid the technical details laid out in Secs. II
and III. In Sec. IV we elaborate on our results by solving
different examples of photon scattering from a single emitter
coupled to a one-dimensional waveguide. We start with a sim-
ple example of a two-level emitter in Sec. IV.A and continue
with a more complicated example of an emitter in a V-level
configuration in Sec. IV.B. In Sec. IV.C we then consider
several different cases of photon scattering from a system of
multiple emitters coupled to a one-dimensional waveguide. In
Sec. V we then give an example that demonstrates the versal-
ity of our formalism. We consider scattering from an emitter
with multiple ground-states and study several aspects includ-
ing the formation of ground-state superpositions conditioned
on photon scattering. Finally, in Sec. VI we summarize our
results and give an outlook. Several details of our calculations
are relegated to the appendices. In AppendixA we provide the
derivation of the photon-scattering relation for the 1D waveg-
uide. In Appendix B we present the derivation of the decay
rate into the 1D mode of the waveguide. In Appendix C we
give details of the effective detunings and decays for the two-
emitter systems.
3II. PHOTON-SCATTERING RELATION FOR EMITTERS
COUPLED TO A ONE-DIMENSIONALWAVEGUIDE
In this section we derive the photon-scattering relation for
a system of multi-level emitters coupled to a double-sided 1D
waveguide. To achieve this we first invoke the general photon-
scattering relation in a dielectric medium
~ˆE+(~r, t) = ~ˆEin(~r, t) +
(
iω
2~
)∑
jj′
∑
gg′
←→
G (~r, ~rj , ω − ωgg′)
× σˆg′g
∑
ee′
(
~djge[H˜nh]−1ee′ ~dj
′
e′g′
)
~ˆEin(~rj′ , t), (2)
that was derived in Ref. [43]. Here ~r is the point of observa-
tion, while ~rj , ~rj′ corresponds to the spatial positions of emit-
ter j and j′, respectively. The dipole moments ~djeg and ~d
j′
e′g′
correspond to the transition |e〉 ↔ |g〉 and |e′〉 ↔ |g′〉 for the
emitters j and j′. The Green’s function,
←→
G (~r, ~rj , ω − ωgg′)
gives the response of the field at the characteristic frequency
(ω − ωgg′) of the dielectric medium containing the emitters.
Here ω is the central frequency of the input field and ωgg′ =
(ωg − ωg′) is the difference in frequency between states in
the ground-state subspace. The input field in the above equa-
tion is defined as ~ˆEin(~r, t) = i
∑
k
√
~ωk
2
~Fk(~r)aˆk(0)e
−iωkt,
where ~Fk(~r) is the mode function while aˆk is the mode op-
erator for the kth mode of the field. The second term in Eq.
(2) represents the whole scattering event. It gives the scat-
tered field including the dynamical response of the emitters.
It is formulated in terms of the operator σˆg′g = |g〉〈g′| and
the non-Hermitian Hamiltonian H˜nh, which describes the dy-
namics in the excited-state subspaceMe. The non-Hermitian
Hamiltonian is well known in the theory of Montecarlo wave-
functions []. In Sec. III. we will describe in detail the meaning
of this H˜nh for our model. The states |g〉 and |g′〉 belong to
the ground-state manifoldMg of the emitters as shown in Fig.
(1). Note that our definition of the operator σˆg′g can be con-
sidered unconventional since the order is reversed. As we will
see later, this definition gives us a simple relation to the den-
sity matrix ρg′g = 〈σˆg′g〉 and simplifies the notation below.
To proceed we first rewrite Eq. (1) in a more convenient
form. We expand ~ˆEin(~r, t) in terms of the Green’s function
~ˆEin(~r, t) =
∫
d~r′ ǫ(~r′)
←→
G (~r, t, ~r′, 0) ~ˆE+(~r′, 0) (3)
in Eq. (2) and writing the frequency-dependentG(~r, ~rj , ω −
ωgg′) as the Fourier transform of the time-dependent Green’s
function we get,
~ˆE+(~r, t) =
∫
d~r′ ǫ(~r′)
←→
G (~r, t, ~r′ , 0) ~ˆE+(~r′ , 0) +
(
iω
2~
)
×
∑
gg′
∫ t
−∞
dτ eiωgg′ (t−t
′)σˆg′g
←→
G (~r, t, ~rj , t
′)
×
∑
ee′
(
~djge[H˜nh]−1ee′ ~dj
′
e′g
)∫
d~r′ ǫ(~r′ )
× ←→G ( ~rj′ , t′, ~r′ , 0) ~ˆE+(~r′ , 0). (4)
Here ǫ(~r) is the space-dependent electric permittivity of the
waveguide. The first term on the right hand side of Eq. (4)
represents the freely propagating field with the Green’s func-
tion being simply a propagator.
We want to derive the photon-scattering relation for a
double-sided 1D waveguide. As such, we assume that the
waveguide modes allow for the scattered photons to travel
both in the forward (f) and backward (b) directions with
wave-numbers (kf ) and (kb), respectively. Furthermore, to
account for the scattering into the waveguide and to the out-
side we divide Eˆ+kζ (~r, t) into a waveguide and a radiative part.
To treat this formally, we decompose the electric field in the
form Eˆ+(~r, t) = ∑kζ Eˆ+kζ (~r, t) + Eˆ+rest(~r, t) with ζ = {f, b},
such that
Eˆ+kζ (~r, t) = i
∑
kζ
√
~ωkζ
2
~Fkζ (r⊥)aˆkζe
i(kζz−ωt), (5)
represent the field in the forward and backward propagating
modes of the waveguide. Here i
∑
kζ
√
~ωkζ
2
~Fkζ (r⊥)e
ikζz
are the modes representing the field in the waveguide, z is
the co-ordinate along the waveguide, while E+rest(~r, t) are the
radiative modes representing the scattered light to the outside.
Substituting Eq. (5) into Eq. (4) and decomposing the
Green’s function into the forward, backward and the rest of
the components as
←→
G (~r, t, ~r′, t′) =
∑
ζ
←→
G ζ(~r⊥, t, ~r′⊥, t′) +
←→
G rest(~r, t, ~r′, t′),
(6)
we arrive finally (see Appendix A for details) at the photon-
scattering relation in the 1D waveguide
aˆζ,o(z, t) = aˆζ,in(z∓ vgt) + i
∑
ζ′
∑
gg′
σˆg′g[Sζζ
′
gg′ ]∓
× aˆζ′,in(z∓ vgt) + F . (7)
Here vg is group velocity of the photon in the waveguide,
while F is a noise operator that corresponds to the Grest,ζ
and E+rest and is associated with the loss of photons out of
the waveguide. The mode operators aˆo and aˆin correspond
to the output and input light field, respectively. Note that the
“ − ”(+) sign stands for photons travelling in the forward
(backward) direction. The scattering amplitude [Sζζ′gg′ ]∓ is de-
fined as
[Sζζ′gg′ ]∓ =
∑
jj′
∑
ee′
A†jζge(1D)[H˜nh]−1ee′Aj
′ζ′
e′g′(1D)
exp [∓i((kζ − kζ′)zj + ωg′g(z− zj)/vg], (8)
where we have defined the directional coupling of the emitters
to the waveguide mode as
Ajζeg =
√
πω
~vg
[
~djeg · ~Fkζ (rj⊥)
]
. (9)
withA†jζge(1D) = A∗jζeg(1D). The wave vectors in the forward and
backward direction follow the relation ∆k = (kζ − kζ′) =
40 and 2k0 for ζ = ζ
′ and ζ 6= ζ′, respectively. The photon-
scattering relation in Eq. (7) is the key result of this work and
has the generic form stated in Eq. (1). Note that, the cou-
pling defined in Eq. (9) has a directional dependence and in
principle its strength can be different for the field-mode prop-
agating along two different directions (forward or backward)
in the waveguide. This leads to an interesting and emerging
question of chiral light-matter interaction [45]. Even though
we do not explicitly address this, our general formalism is al-
ready equipped with such possibilities. As such the photon-
scattering relation in Eq. (7) is applicable even to the study of
chiral interactions in waveguides.
It is worth emphasizing that in the derived photon-
scattering relation all the system properties are included
through the non-Hermitian Hamiltonian H˜nh while the evo-
lution of the emitters, response is through the operator σˆg′g
defined in the ground-state manifoldMg. To get the complete
photon-scattering dynamics using the photon-scattering rela-
tion introduced above we need to find σˆg′g. This can be quite
cumbersome for complex systems involving multiple levels.
However, by exploiting the formulation of EOs [44], which
again involves the inverse of the non-Hermitian Hamiltonian
[H˜nh], we can solve for σˆg′g using themaster equation derived
explicitly in the preceding paper [43]
˙ˆσ = : i
[
Hˆeff, σˆ
]
− 1
2
∑
k
(
Lˆk†eff Lˆkeffσˆ + σˆLˆk†eff Lˆkeff
)
+
∑
k
LˆkeffσˆLˆk†eff : . (10)
Here all the operators are defined in the Heisenberg picture
and the subscript “eff” symbolizes EO’s. The symbol “ : ” in
Eq. (10) stands for normal ordering, the significance of which
will be discussed in details in section VI.C. Note that, Eq. (10)
is a Heisenberg-picture generalization of the result of Ref.
[44] to quantum fields. Solving the above master equation for
a given system is a straightforward algebraic/numerical ex-
ercise whose complexity simply depends on the size of the
Hilbert space of the emitters. Later in section IV.C we con-
sider an example where the emitters have multiple ground-
states and show how one can use the master equation in Eq.
(10) to solve for the dynamics of the emitter’s ground-state.
It is important to point out that for the examples we dis-
cuss in Sec. IV, the noise term F in Eq. (7) is typically
neglected. This is justified by the fact that in those exam-
ples we are only interested in the click probability where the
vacuum noise does not contribute to any photodetector clicks.
However, we would like to remind the readers that in gen-
eral particular care should be taken for Heisenberg equations
as the noise can play a crucial role in the system dynamics.
We account for this in our formalism through the effective
Lindblad operators in the master equation, which includes the
noise contribution. Hence for problems where the scattering
is influenced by the coherence dynamics of the ground-states,
the crucial effect of noise is taken care of in the master equa-
tion. We show this in detail in the example in Sec. VI.C. Thus
we discuss explicitly how to deal with the noise and treat it
via the effective-operator master equation.
III. THE NON-HERMITIAN HAMILTONIAN
To be able to apply our formalism, it is important to under-
stand the non-Hermitian Hamiltonian [H˜nh] in Eq. (8). The
general form of the non-Hermitian Hamiltonian from [43] is
[Hnh]ee′ = [Hce ]ee′ − i
∑
jj′
∑
g
(
1
2
Γjj
′e′e
gg − iΩjj
′e′e
gg
)
.
(11)
Note that this non-Hermitian Hamiltonian includes all possi-
ble interactions that the emitters can have within the excited-
state manifold. In the following we discuss each of the terms
in Eq. (11). The first term Hce is the Hamiltonian of the sys-
tem defined in the single excitation manifoldMe as shown in
Fig. 1. Note that this term is completely general and can in
principle also include effects like the long-range Rydberg in-
teractions among emitters. The second and third term Γjj
′e′e
gg
and Ωjj
′e′e
gg arise from the dynamics induced by the quantized
field and are related to the decay from the manifoldMe toMg,
and shifts of the states in the manifoldMe due to light induced
coupling between the emitters. They are defined as
Γjj
′,e′e
gg =
2ω2eg′
~c2
{
~dje′g′ · Im
←→
G (~rj , ~rj′ , ωe′g) · ~dj′ge
}
,
(12)
Ωjj
′,e′e
gg = P
∫
dω
(
ω2
~πc2
){ ~dje′g · Im←→G · ~dj′ge
(ω − ωe′g′ + iǫ)
}
,
(13)
where the excited |e〉, |e′〉 and ground |g〉 states belong to the
excited and ground subspacesMe andMg, respectively. Note
that to write Eq. (12) and Eq. (13) we have used the general
form of these expression derived in Ref. [43].
The Im
←→
G in the above set of equations stands for imag-
inary part of the Green’s tensor. On expanding the Green’s
function using Eq. (6) and substituting it in Eqs. (12) and (13)
we get,
Γjj
′,e′e
gg =
2ω2e′g′
~v2g

~dje′g ·
∑
ζ
Im
←→
G ζ(~rj , ~rj′ , ωe′g) · ~dj′ge

 ,
+
2ω2e′g
~c2
{
~dje′g · Im
←→
G rest(~rj , ~rj′ , ωe′g) · ~dj′ge
}
,
(14)
Ωjj
′,e′e
gg = P
∫
dω
(
ω2
~πv2g
){ ~dje′g ·∑ζ Im←→G ζ · ~dj′ge
(ω − ωe′g + iǫ)
}
,
(15)
+ P
∫
dω
(
ω2
~πc2
){ ~dje′g · Im←→G rest · ~dj′ge
(ω − ωe′g + iǫ)
}
(16)
We rewrite Γjj
′,e′e
gg in Eq. (14) in the form Γ
jj′,e′e
gg =
[Γjj
′,e′e
gg ]w + [Γ
jj′,e′e
gg ]rest. Here [Γ
jj′,e′e
gg ]w corresponds to the
first term on the right-hand side of Eq. (14) and represents
5decay-induced coupling between the emitters mediated by
the 1D waveguide mode. [Γjj
′,e′e
gg ]rest represents the second
term and arises due to collective decay to the non-waveguide
modes (decay to the outside of the waveguide). For j = j′,
[Γjj
′,e′e
gg ]w corresponds to spontaneous decay of the emitter
into the 1D waveguide mode while [Γjj
′,e′e
gg ]rest gives spon-
taneous decay of the emitter to the outside of the waveg-
uide. Similarly, Eq. (15) for j 6= j′ can be defined as
Ωjj
′,e′e
gg = [Ω
jj′,e′e
gg ]w + [Ω
jj′ ,e′e
gg ]rest, where [Ω
jj′,e′e
gg ]w rep-
resent the first term on the right-hand side of Eq. (15) and
stands for waveguide-mediated coupling of the emitters while
[Ωjj
′,e′e
gg ]rest represents the second term and corresponds to
coupling via other processes like dipole-dipole interactions.
For j = j′, the coupling Ωjj
′,e′e
gg gives a contribution to the
Lamb shift of the excited state of a single emitter. Note that
in Ref. [43] these terms were derived within the rotating wave
approximation,which does not produce the correct form of the
dipole-dipole interaction for emitters separated by less than a
wavelength. Care should therefore be taken to use the cor-
rect shifts beyond the rotating wave approximation for nearby
emitters.
In the following we derive an exact expression for the
waveguide-mediated coupling between the emitters, by solv-
ing for the first terms on the right-hand side of Eq. (14) and
Eq. (15). For this purpose we invoke the relation [47]
∑
k
ωk ~Fk(~r)~F
∗
k (~r
′) e−iωk(t−t
′) = 2
∫
dω e−iω(t−t
′) ω
2
πc2
× Im{←→G (~r, ~r′, ω)}, (17)
and do an inverse Fourier transform of it to get
Im
←→
G ζ(~rj , ~rj′ , ω) =
π
kζ
Fkζ (~rj⊥)F
∗
kζ (~rj′⊥)
× cos (kζ |zj − zj′ |) , (18)
where kζ = ± ω/vg, with the+(−) sign corresponding to the
forward (backward) propagation direction. Then substituting
Eq. (18) into the first term on the right-hand side of Eq. (14)
and on using Eq. (9) we get
[Γjj
′,e′e
gg ]w = 2
∑
ζ
Ajζe′g(1D)A†j
′ζ
ge(1D) cos (kζ |zj − zj′ |) .
(19)
Furthermore, substituting Eq. (18) into the first term on the
right-hand side of Eq. (15) and then performing the princi-
pal value integral over an anticlockwise contour and invoking
Cauchy’s residue theorem (see Appendix B for details) gives
us
[Ωjj
′,e′e
gg ]w = −
∑
ζ
Ajζe′g(1D)A†j
′ζ
ge(1D) sin (kζ |zj − zj′ |) .
(20)
If we refer to the expression for the non-Hermitian Hamil-
tonian in Eq. (11) and consider the contribution to the second
and the third term due to the waveguide-mediated interactions,
we find, using Eq. (19) and Eq. (20), that [35, 41, 46]
1
2
[Γjj
′,e′e
gg ]w − i[Ωjj
′,e′e
gg ]w =
∑
ζ
Ajζe′g(1D)A†j
′ζ
ge(1D)
× eikζ |zj−zj′ |. (21)
Note that for the case of a single two-level emitter, j = j′ and
e′ = e. Eq. (21) becomes∑
ζ
|Aζeg(1D)|2 =
∑
ζ
Γe,ζg,1D = Γ
e
g,1D, (22)
where Γeg,1D is the total decay of energy level |e〉 into the 1D
mode of the waveguide for the emitter transition |e〉 → |g′〉 .
We can now rewrite the non-Hermitian Hamiltonian
[Hnh]ee′ of Eq. (11) as a combination of two parts, one com-
prising of all the interactions mediated by the waveguide (w)
while the other one concerning all other processes not medi-
ated by the waveguide (nw). The non-Hermitian Hamiltonian
then takes the form [H˜nh]ee′ =
[
H˜c
]
ee′
+
[
(H˜nh)w
]
ee′
+[
(H˜nh)nw
]
ee′
, where
[
(H˜nh)w
]
ee′
= −i
∑
jj′
∑
g,ζ
Ajζe′g(1D)A†j
′ζ
ge(1D)e
ikζ |zj−zj′ |
(23)[
(H˜nh)nw
]
ee′
= −
∑
jj′
∑
g
(
i
2
[Γjj
′,e′e
gg ]rest + [Ω
jj′,e′e
gg ]rest
)
.
(24)
Here H˜c = Hce − Eg − ~ω, with Eg being the energy of the
ground-state involved in the excitation process while ω is the
frequency of the incoming photon. The waveguide-mediated
off-diagonal term in Eq. (23) can also be re-written in terms
of Γ1D as,[
(H˜nh)w
]
ee′
= −i
∑
jj′
∑
gζ
√
Γe
′jζ
g,1D
√
Γej
′ζ
g,1De
i(φe′g′−φeg)
× eikζ |zj−zj′ |, (25)
where we have used Ajζeg(1D) = |Ajζeg(1D)|eiφeg and the defini-
tion of directional decay into the waveguide Γeζg,1D in terms of
the coupling constantsA from Eq. (22).
On using the general form of [H˜nh]ee′ and Eq. (25) we find
that the non-HermitianHamiltonian has a simple diagonal part
(j = j′) spanned by the excited states of the emitters as[
H˜nh
]
ee
= ∆˜e − i
2
Γe, (26)
where ∆˜e = [H˜ce − Eg − ~ω]ee and Γe = Γ′e + Γe(1D) =∑
g
[
Γegrest +
∑
ζ Γ
e,ζ
g,1D
]
, is the natural line width of an ex-
cited state |e〉 in the single-excitation manifold Me. Here
Γ′e =
∑
g Γ
e
grest is the total decay rate to the outside of the
waveguide and H˜ce is a redefined excited-state Hamiltonian
formed by absorbing the Lamb-shift contribution inHce . Note
6that Eq. (26) can also be written in the standard form of a non-
Hermitian Hamiltonian
Hˆnh = ˆ˜Hce −
i
2
∑
k
Lˆ†kLˆk, (27)
where the Lindblad operators Lˆk model decay of an excited
emitter both into and outside of the waveguide.
We next discuss the contribution to the non-Hermitian
Hamiltonian from the non-waveguide part (H˜nh)nw in Eq.
(24). These terms can have contributions both for inter- and
intra-emitter couplings. In the Dicke superradiant limit, where
the separation between the emitters is less than a wavelength,
the (H˜nh)nw gives rise to collective decay and dipole-dipole
couplings. For most of this article we will ignore the (H˜nh)nw
part of the non-Hermitian Hamiltonian. However, we do use
this in two particular examples to illustrate the wide range of
applicability of our formalism.
IV. APPLICATION OF THE FORMALISM TO EMITTERS
WITH A SINGLE GROUND-STATE
In the previous sections we have introduced a formalism
for photon scattering from quantum emitters in a 1D waveg-
uide, and elaborated on the non-Hermitian Hamiltonian that
is central to the response of the emitters interacting with the
incoming field. In the following sub-sections IV.A - IV.C we
focus on, a number of paradigmatic physical situations that
demonstrates the effectiveness of our formalism for solving
photon scattering problems in waveguides. In this section
we restrict ourselves to examples where the emitters have a
single ground-state. In the next section we consider in de-
tail an example of emitters with multiple ground-states. It is
worth emphasizing that even the simple and generic examples
of scattering that we treat here are in some cases rather te-
dious to solve with the existing methods. However, using our
formalism we can immediately provide the solution to these
problems. Note that for notational convenience, in all further
discussion we will label the photons incoming from the left
and moving to the right with subscript (R) and the photons
moving to the left as (L), such that now ζ = {R, L}.
A. A two-level emitter coupled to a one-dimensional waveguide
We first analyze the simplest possible system. We consider
an emitter comprising two levels with a single optical tran-
sition between a ground level |0〉 and an excited level |1〉 as
shown schematically in Fig. 2 (a). The emitter is located at
a position z0 along the axis of a 1D waveguide. The transi-
tion is coherently coupled to a waveguide. Such a system is
generally described by a Hamiltonian Hˆ = Hˆ0 + Vˆ (~ = 1),
where
Hˆ0 = ω11σˆ11 + ω00σˆ00 + HˆF . (28)
Vˆ = Vˆ− + Vˆ+,
=
∑
µ
Aµ10aˆ†µσˆ10 +
∑
µ
A∗µ01 aˆµσˆ01 (29)
with the free-energy Hamiltonian Hˆ0, and the Hamiltonian
of the field being given by HˆF , while the excitation (de-
excitation) is represented by Vˆ+ (Vˆ− = [Vˆ+]†). Here, ω11 and
ω00 are the energies of levels |1〉 and |0〉, respectively. Fur-
thermore, as above we have used the definition of the atomic
operator σˆij = |j〉〈i| such that the density matrix is given by
ρij = 〈σˆij〉. The coupling strength of the emitter transition
|i〉 ↔ |j〉 to the field is given by Aµij , with aµ (a†µ) being
the corresponding annihilation (creation) field-mode operator
and µ = {ζ, s}. Here, (µ = s) signifies that Asij is the cou-
pling strength of the transition to modes outside the waveg-
uide, while (µ = ζ) represents the directional coupling to the
1D waveguide mode with strength Aζij,(1D). For the rest of
this example we drop the subscripts (i, j) from the coupling
constants as it involves only a single transition. We can then
write the non-Hermitian Hamiltonian for this system in the
form Hˆnh = Hˆ0 − i2
∑
k Lˆ†kLˆk, where the Lindblad opera-
tors Lk are given by
Lˆs = As σˆ10 =
√
Γ′ σˆ10, (30)
Lˆζ(1D) = Aζ1D σˆ10 =
√
Γζ1D σˆ10, (31)
corresponding to decay out of (s) and into the waveguide (ζ).
Note that in writing Eq. (30) we have used the definition of
Γζ1D from Eq. (22), and defined the rate of decay out of the
waveguide as Γ′ = |As|2. The non-Hermitian Hamiltonian
can then be written similar to that in Eq. (26) as
Hˆnh =
(
δ − iΓ
2
)
σˆ11 ≡ δ˜σˆ11, (32)
where Γ is the total decay rate of the level |1〉 into |0〉 and
is given by Γ = Γ′ +
∑
ζ Γ
ζ
1D, while the detuning is δ =
ω11−ω00−ω. Here ω is the frequency of the incoming field.
Combining the decay with the detuning we then define δ˜ =
(δ − iΓ/2) as the complex energy of the state |1〉. Inverting
the 〈1|Hˆnh|1〉 is then straightforward and we find
Hˆ−1nh = δ˜−1σˆ11, (33)
For a single photon incident from left and propagating to-
wards the right in the waveguide, Eq. (7) straightway gives
the complete scattering dynamics of the photon from the two-
level emitter. Let us write Eq. (7) in terms of the field-mode
operators on the left and right of the emitter, after scattering
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FIG. 2. Schematic diagram of the energy level structure of emit-
ters with (a) single optical transition (b) two optical transitions in
V-configuration. Here |0〉 is the ground-stateand |i = 1, 2〉 the ex-
cited states of the emitter. The linewidth of the excited states is given
by Γ’s and the δ’s are detuning of the transition with respect to the
frequency of the incoming photon. The coupling strength of the tran-
sitions to the waveguide mode is given by A’s.
of a photon as
aˆout,R(z, t) =
[
1 + iΓR1Dδ˜
−1σˆ00
]
aˆin,R(z− vgt),
(34)
aˆout,L(z
′, t) = i
[√
ΓL1D
(
δ˜−1
)√
ΓR1D
]
e2ik0(z0−z
′)
× σˆ00aˆin,R(z′ + vgt), (35)
where we have used that (Hˆnh)−111 = δ˜−1 and z(z′) is the
point of observation to the right (left) of the emitter spatially
situated at z0. Here e
2ik0(z0−z′) is an additional phase that the
reflected photon picks up as it propagates towards the left of
the emitter. Note that in writing Eq. (34) and Eq. (35) we have
neglected the noise term as we are mainly concerned with the
photon click probability at a detector.
Substituting for δ˜ and assuming that ΓR1D = Γ
L
1D = Γ1D/2,
we get
aˆout,R(z, t) =
[
1− Γ1D
Γ + 2iδ
]
aˆin,R(z− vgt), (36)
aˆout,L(z
′, t) = − Γ1D
Γ + 2iδ
e2ik0(z0−z
′)aˆin,R(z
′ + vgt), (37)
where we have used that 〈σˆ00(t)〉 = 〈σˆ00(0)〉 = 1 for a emit-
ter initially in the ground-state|0〉. We can do this because,
once we eliminate the excited state the emitter can only be in
the ground-state. For an emitter tuned into resonance (δ = 0)
we get the well-known results of photon scattering in waveg-
uides, with transmission and reflection amplitudes of (1 − β)
and β, respectively [48], where β = Γ1D/Γ. This is illus-
trated in Fig. 3 (a) where we plot the transmitted intensity
which shows a Lorentzian dip at resonance. The correspond-
ing FWHM is found to be Γ. Thus, for a 1D waveguide with
strong coupling to the emitter such that Γ1D ∼ Γ, scattering
leads to complete reflection of the photon with the atom be-
having as a mirror [29, 48, 49].
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FIG. 3. Transmitted intensity |T |2 = |〈aˆ†out,Raˆout,R〉/〈aˆ
†
inaˆin〉| for
a single (a) two-level emitter and, (b) three-level emitter in the V-
configuration coupled to a 1D waveguide. For (a) we consider the
parameters, δ = ω11 − ω00 − ω and different values of β while for
(b) we consider δ1 = −δ, δ2 = Γ − δ, β = 0.99, coupling Ω = 2Γ
or 0, and we plot the results for∆φ = 0 and∆φ = pi.
B. A three-level emitter in V-configuration coupled to a
one-dimensional waveguide
Above we considered the simplest possible situation which
could also easily be solved by other means. We now con-
sider a situation, where the result is less obvious. We choose
an emitter in a V-configuration comprising a ground-state|0〉
and two excited states |1〉 and |2〉 located at some point z0 in
the waveguide (see Fig. 2 (b) for the schematic level struc-
ture). It is worth emphasizing that single photon scattering
from such three-level emitters have been studied extensively
in the past [31]. The purpose of addressing this problem here
is to illustrate how the results of these previous works can be
obtained directly with our method. To demonstrate the ver-
satility of our approach, we assume that the exited states are
coherently coupled by a (generally complex-valued) coupling
Ω. This then corresponds to a nonzero
[
(H˜nh)nw
]
ee′
contribu-
tion to the non-Hermitian Hamiltonian H˜nh. Furthermore, we
assume that the transitions from |0〉 to |1〉 and |0〉 to |2〉 are
coupled to the waveguide mode with strengths Aµ=ζ1,(1D) and
Aµ=ζ2,(1D) and decay with a total decay rate of Γ1 and Γ2 re-
spectively. The Hamiltonian of the system is then given by
Hˆ = Hˆ0 + Vˆ (~ = 1) where,
Hˆ0 =
2∑
j=0
ωjj σˆjj +Ωσˆ12 +Ω
∗σˆ21 + HˆF (38)
Vˆ =
2∑
j=1
∑
µ
(Aµ1 σˆ0j aˆµ +A∗µ1 aˆ†µ σˆj0) , (39)
where as before we have defined σˆij = |j〉〈i|.
The decay of the excited levels, |1〉 and |2〉 to modes other
than the waveguide, is described by the Lindblad operators
Lˆs,1 =
√
Γ′1σˆ10 (40)
Lˆs,2 =
√
Γ′2σˆ20 (41)
with Γ
′
j being the corresponding decay rate of the level |j〉.
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′
j =
|Aµ=sj |2 to define the decay rates out of the waveguide. The
Lindblad operator for decay into the waveguide is given by
Lˆζ(1D),1 = e−iφ1 |Aζ1,(1D)| σˆ10,
= e−iφ1
√
Γζ1,1D σˆ10, (42)
Lˆζ(1D),2 = e−iφ2 |Aζ2,(1D)| σˆ20,
= e−iφ2
√
Γζ2,1D σˆ20 (43)
In writing Lˆζ(1D),1 and Lˆζ(1D),2 in terms of the decay rates we
have used the definition given in Eq. (22), and introduced the
phases φ1 and φ2 of the two couplings.
Now following Eq. (24) - (25), we set up the non-Hermitian
Hamiltonian
Hˆnh = δ˜1σˆ11 + δ˜2σˆ22 + Gσˆ12 + G∗σˆ21, (44)
where we define the complex detunings δ˜j = δj − iΓj/2
with δj = ωjj − ω00 − ω and Γj = Γ′j +
∑
ζ Γ
ζ
j,1D,
being the total line width of the excited state |j〉. Us-
ing Eq. (23) and Eq. (25) we can write a combined
coupling term G = |Ω|eiθ − i∑ζ√Γζ1,1DΓζ2,1Dei(φ1−φ2).
Note that due to the characteristic of the Γ1D coupling, the
complex conjugation of the combined coupling gives G˜ =
|Ω|e−iθ − i∑ζ√Γζ1,1DΓζ2,1De−i(φ1−φ2). Inversion of the
non-Hermitian Hamiltonian in Eq. (44) then yields
Hˆ−1nh = δ˜−11,eff σˆ11 + δ˜−12,eff σˆ22 + G˜−1eff σˆ12 + G˜
′
eff σˆ21, (45)
Here, we have written the inverse non-Hermitian Hamiltonian
in terms of “effective” detunings and couplings
δ˜j,eff = δ˜j − GG˜
δ˜k
(46)
G˜eff = GG˜ − δ˜1δ˜2G , (47)
G˜′eff =
G˜G − δ˜∗1 δ˜∗2
G˜ , (48)
which depend both on the complex detunings of the excited
states and on their couplings. The implications of these as-
signments will become more clear in the following.
We first determine the output field using Eq. (7) at some
spatial location z to the right of the emitter,
aˆout,R(z, t) =
[
1 + i
{(
ΓR1,1D
)
δ˜−11,eff +
(
ΓR2,1D
)
δ˜−12,eff
+
√
ΓR1,1D(G˜−1eff )
√
ΓR2,1De
−i(φ1−φ2)
+
√
ΓR2,1D(G˜
′−1
eff )
√
ΓR1,1De
i(φ1−φ2)
}
σˆ00
]
× aˆin,R(z− vRt), (49)
while the output field to the left of the emitter at some spatial
location z′ is
aˆout,L(z
′, t) = i
[√
ΓL1,1Dδ˜
−1
1,eff
√
ΓR1,1D +
√
ΓL2,1D
× δ˜−12,eff
√
ΓR2,1D +
√
ΓL1,1D(G˜−1eff )
√
ΓR2,1D
× e−i(φ1−φ2) +
√
ΓL2,1D(G˜
′−1
eff )
√
ΓR1,1De
i(φ1−φ2)
]
× σˆ00e2ik0(z0−z′)aˆin,R(z′ + vLt). (50)
Finding the photon scattering dynamics from even this rela-
tively simple multi-level system is quite cumbersome, due to
the complicated interplay of detunings and couplings. How-
ever, as can be seen from Eqs. (49) and (50), using the de-
veloped photon scattering formalism, we can straightaway
provide a solution to even the general case in the limit of a
single-photon/weak-field inputs. This is the key advantage of
our formalism compared to many of the existing approaches
[16, 19, 34–36, 38–41].
From the above expressions we can see that the scattering
amplitude strongly depends on the effective detunings δ˜eff and
the coupling G˜eff. Hence adjusting the quantities that appear in
it, e.g., the coupling strength G between the excited states, it
is possible to engineer this term to yield qualitatively different
results. Thus one can invoke several different situations in-
volving the emitter-waveguide coupling and the coupling be-
tween the excited states to analyze the behaviour of the output
field further. To illustrate the dynamics, we restrict ourselves
to the situation where the coupling is the same in both direc-
tions and the two-levels have the same decay rate. Thus, we
consider ΓR/L1,1D = Γ
R/L
2,1D = Γ1D/2 in Eqs. (49) and (50). On
eliminating the excited states the emitter can only be in the
ground-state and hence for all later time 〈σ00〉 = 1. The out-
put field at the right and left of the emitter is then given by
aˆout,R(z, t) =
[
1 +
iΓ1D
2
(
δ˜ + iΓ1D − 2|Ω| cos∆φ
δ˜1δ˜2 − GG˜
)]
× aˆin,R,
aˆout,L(z
′, t) =
i|Γ1D|
2
(
δ˜ + iΓ1D − 2|Ω| cos∆φ
δ˜1δ˜2 − GG˜
)
× e2ik(z0−z′)aˆin,R(z′ + vgt), (51)
where δ˜ = δ˜1 + δ˜2 and, ∆φ = θ − (φ1 − φ2). We note here
that the appearance of∆φ in these equations is a consequence
of interferences between the different paths in Fig. 2 (b). For
instance level |2〉 can be reached by two different paths: ei-
ther from direct excitation or through excitation to level |1〉
followed by transfer to level |2〉 by the couplingΩ. These two
paths interfere leading to the expressions above.
From Eqs. (51) we see that by satisfying the condition
δ˜ = iΓ1D − 2|Ω| cos∆φ, the emitter can be made transpar-
ent to the incoming photon. This can be achieved by varying
the phase and amplitude of the coherent couplingΩ which for
example can be a magnetic field. We illustrate this in Fig.
3 (b), where we vary the drive phase φ and coupling Ω for
9fixed emitter parameters. Note that for the plot in Fig. 3 (b),
we have assumed that the coupling strength of both the opti-
cal transitions are real. We also find that complete reflection
from the emitter can occur under the condition δ1 = δ2 = 0,
provided there is no loss to the outside of the waveguide and
Γ1D ≫ Ω. Thus we see that a three-level V system can be
made to selectively transmit or reflect a single photon thereby
operating as a single-photon switch as required for transistors
[50–53].
C. Scattering from multiple emitters coupled to a
one-dimensional waveguide
We next discuss the application of our photon scattering
formalism to the case of multiple emitters coupled via the
waveguide mode. We assume multi-level emitters to illus-
trate the full potential of our formalism. This problem is
much more complicated in comparison to the ones we have
discussed in the previous subsections. It however also con-
tains rich physics due to quantum interference among various
pathways of excitation and de-excitation. Additionally, it is
also a prominent test bed for various interesting problems in
quantum information sciences based on waveguide QED [28].
As an example one can consider generation of entanglement
between emitters over long distances via waveguide-mediated
photons [54]. Presently, established methods for solving such
photon-scattering problem in multi-emitters system requires,
setting up of a reduced master equation for the system and
then performing numerical simulation to achieve the scatter-
ing amplitudes. In comparison, as will be shown in the fol-
lowing, one can find the scattering amplitudes directly using
our photon scattering formalism.
We begin our discussion with an example of two emitters
coupled to a 1D mode of an optical waveguide. We label the
two emitters as {A,B} and consider them to be located at the
spatial positions zA and zB respectively along the waveguide
as shown schematically in Fig. 4. The waveguide is assumed
to be double-sided and we consider the input field (incident
single-photon/weak coherent pulse) to be incident from the
left and propagating to the right in the waveguide. We assume
emitter A to be a two-level system while emitter B is a three-
level V-type system, spaced ∆z = zB − zA apart. Emitter
A has ground-state|gA〉 and excited state |eA〉, whereas the
three-level system B consists of a single ground-state |gB〉
and two excited states |e1B〉 and |e2B〉, coherently coupled at
a rateΩ (for example with a magnetic field. For simplicity, we
assume from now on that Ω = |Ω| is real). The free Hamilto-
nian of this two-emitter system can be described as (~ = 1)
Hˆ0 = HˆA0 + HˆB0 + HˆF (52)
HˆA0 = ωe,AσˆAee + ωg,AσˆAgg (53)
HˆB0 = ωg,BσˆBgg + ωe1,BσˆBe1e1 + ωe2,BσˆBe2e2
+ Ω
(
σˆBe1e2 + σˆ
B
e2e1
)
, (54)
where ωi’s are the free energies of the corresponding levels,
HˆF is the standard free-field Hamiltonian and the atomic op-
erators as before are defined by σij = |j〉〈i|.
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FIG. 4. Two emitters in a waveguide (top) with individual level struc-
tures (center), and combined level structure in the single-excitation
limit (bottom).
Our procedure is formulated in terms of the combined level
structure of the emitters with one ground-state|0〉 ≡ |gA, gB〉
and three excited states |1〉 ≡ |eA, gB〉, |2〉 ≡ |gA, e1B〉 and
|3〉 ≡ |gA, e2B〉 corresponding to a single excitation in either
of the emitters as shown in Fig. 4. In the combined basis
we assume that the transitions from the ground levels to the
excited levels |1〉, |2〉 and |3〉 are detuned from the incoming
photon’s frequency ω by δ1, δ2, and δ3 respectively.
The interaction Hamiltonian Vˆ describing the interac-
tion of emitters with the photons in the combined basis
{|0〉, |1〉, |2〉, |3〉} is given by
Vˆ =
∑
µ
Aµ1,(1D)eikµzA(aˆ†µ|0〉〈1|+ |1〉〈0|aˆµ)
+
3∑
j=2
∑
µ
eikµzBAµj,(1D)(σˆ0j aˆµ + aˆ†µσˆj0) (55)
where the dipole transitions between the states |j〉(j = 1, 2, 3)
and |0〉 are coupled to the waveguide mode with strengths
Aζj,(1D) respectively. We assume these couplings have no ad-
ditional phase (such thatAζj,(1D) is real-valued) apart from the
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phase contribution originating from the distinct positions of
the emitters in the waveguide, eik0zA/B . As a result of these
phases the incoming field couples to emitter B with an ad-
ditional phase eik0(zB−zA) relative to the field at position zA.
Ignoring an overall phase, we from this point assume emitter
A as the reference point zA = 0 and as such zB = ∆z. Note
that, in writing Eq. (55) we have assumed that the spatial
separation of the emitters ∆z is much larger than the wave-
length λ of the incoming photon. We have therefore ignored
the possibility of any direct interaction (like dipole-dipole) be-
tween the emitters and focus only on the waveguide-mediated
interaction. We do, however, explicitly include such direct in-
teraction and discuss their influence on the emitter dynamics
towards the end of this section.
The Hamiltonian of the combined system can then be writ-
ten as Hˆ = Hˆ0 + Vˆ, where now
Hˆ0 =
3∑
i=0
ωii|i〉〈i|+Ω(σˆ23 + σˆ32) + HˆF . (56)
Based on this full Hamiltonian H, we next wish to construct
the excited-subspace Hamiltonian H˜nh similar to Eq. (25) in
the basis (|1〉, |2〉, |3〉). For this purpose we need to consider
the decays of the excited state, which in this case is repre-
sented by the Lindblad operators
Lˆsj =
√
Γ
′
j σˆj0 (57)
Lˆζ(1D),j =
√
Γζj,1D σˆj0, (58)
where as before Γ
′
j is the decay rate of state |j〉 out of the
waveguide, while Γζj,1D is the decay rate into the waveguide
along the direction ζ. Note that, in writing the expression of
Lˆζ(1D),j we have used the definition in Eq. (22).
Taking into consideration all of these terms the diagonal
part of the non-Hermitian Hamiltonian becomes
( ˆ˜Hnh)d =
3∑
j=1
δ˜j σˆjj (59)
where the complex detuning δ˜j = δj− iΓj2 , with Γj = Γj,1D+
Γ
′
j being the total decay rate of transition |j〉 → |0〉. Here
the decay into the waveguide is defined as before Γj,1D =∑
ζ Γ
ζ
j,1D. The detuning is defined as δj = (ωjj − ω00 − ω),
where ω is the central frequency of the incoming photon.
We next construct the off-diagonal part of the non-
Hermitian Hamiltonian of the combined system
ˆ˜Hnh. To
simplify this Hamiltonian we make an assumption about
the nature of coupling between the emitters and the waveg-
uide mode. We assume that the coupling strengths are the
same along both the propagation directions, i.e., A(R)j,(1D) =
A(L)j,(1D) = Aj,(1D). Using Eq. (23) and Eq. (25) we
then find that the off-diagonal elements of
ˆ˜Hnh consist of the
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FIG. 5. Schematic of light scattering from two generic emitters lo-
cated at the position zA and zB in a double-sided waveguide with a
right-going input photon pulse . Here Ti and Ri signifies the single
emitter transmitted and reflected amplitudes respectively. Amplitude
for transmitted and reflected light for scattering involving two emit-
ters are on the other hand given by Tij and Rij , respectively. The
wiggly lines signify field-mediated interactions between the emitters
in terms of the non-Hermitian Hamiltonian H˜nh as discussed in the
text. The wiggly circles with arrows inside symbolizes the scattering
event.
waveguide-mediated interaction terms of the form,
( ˆ˜Hnh)w = − i
2
√
Γ1,1DΓ2,1De
ik∆z(σˆ21 + σˆ12)
− i
2
√
Γ1,1DΓ3,1De
ik∆z(σˆ31 + σˆ13)
− i
2
√
Γ2,1DΓ3,1D(σˆ32 + σˆ23) (60)
and the non-waveguide couplings, which in this case is just
the coherent coupling Ω
( ˆ˜Hnh)nw = Ω
2
(σˆ23 + σˆ32) . (61)
Note that in writing Eq. (60) we have used the definition of
Γj,1D in terms of the coupling strengths from Eq. (22). Fi-
nally, we arrive at the non-Hermitian Hamiltonian
H˜nh =

 δ˜1 − i2Γ12 − i2Γ13− i2Γ12 δ˜2 (Ω2 − i2Γ23)
− i2Γ13 (Ω2 − i2Γ23) δ˜3

 , (62)
in the excited subspace defined by the basis (|1〉, |2〉, |3〉).
Here we have defined complex couplings Γ12 =√
Γ1,1DΓ2,1De
ik∆z, Γ13 =
√
Γ1,1DΓ3,1De
ik∆z and
Γ23 =
√
Γ2,1DΓ3,1D. Next, on taking inverse of Eq.
(62) we get
[H˜nh]−1 =

 δ
−1
1,eff Γ
−1
12,eff Γ
−1
13,eff
Γ−112,eff δ
−1
2,eff Γ
−1
23,eff
Γ−113,eff Γ
−1
23,eff δ
−1
3,eff

 (63)
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where the effective detunings and couplings are defined in Ap-
pendix C.
We next study the scattering of a single-photon pulse. In
Fig. 5 we sketch the different possible scattering processes
involved for a two-emitter system. As can be seen from Fig.
5 there are several processes to account for. Our formalism,
however, is well equipped to handle such complications and
the photon-scattering relation stated in Eq. (7) can straight-
away give the solution to this scattering problem. Conve-
niently the multiple scattering pathways can be simply writ-
ten as a matrix multiplication between the vectors V± and the
matrix H˜−1nh . If we come with a right-going input field from
the left, the total outgoing field to the right of the emitters is
then following Eq. (7), given by
aˆout,R(z, t) =
[
1 + i
(
T A+ T B + T AB,12+ T BA,12
+ T AB,13+ T BA,13
)
σˆ00
]
aˆin,R(z− vgt),
(64)
where we have divided all possible scattering pathways into
separate parts with their respective transition amplitudes T .
These are expressed using the elements of the non-Hermitian
Hamiltonian in Eq. (63), and are given by
T A = Γ1,1D
2δ1,eff
,
T B = Γ2,1D
2δ2,eff
+
Γ3,1D
2δ3,eff
+
√
Γ2,1DΓ3,1D
Γ23,eff
,
T AB,12+ T BA,12 =
√
Γ1,1DΓ2,1D
Γ12,eff
cos(k0∆z),
T AB,13+ T BA,13 =
√
Γ1,1DΓ3,1D
Γ13,eff
cos(k0∆z). (65)
Note that in writing Eq. (64) we have neglected the noise
as the photon at output is typically detected in photodetectors
where the noise owing to vacuum does not contribute. From
Eqs. (64) and (65), we find that owing to the scattering from
the two emitters the amplitudes now contain some interference
terms cos(k0∆z) depending on the emitter separation.
To investigate the characteristic of the outgoing field fur-
ther, we below consider some specific cases with respect to
the emitter configurations and couplings. We assume that
initially both the emitters are in their ground-states. Similar
to above we can then replace the ground-state operator σˆ00
by 〈σˆ00〉 = 1, since the combined system only has a single
ground-state after elimination of the excited states.
1. Two Two-Level emitters
As a first example let us consider emitterB to behave effec-
tively as a two-level system. This can happen if the transition
|3〉 → |0〉 does not couple to the waveguide mode such that
Γ3,1D = 0 and |3〉 also does not couple coherently to any other
level of emitterB, i.e., Ω = 0. Then, the total right-going out-
put field for a single right-going input field coming from the
left is reduced to
aˆout,R(z, t) =
[
1 + i
( Γ1,1D
2δ1,eff
+
Γ2,1D
2δ2,eff
+
√
Γ1,1DΓ2,1D
Γ12,eff
cos(k∆z)
)]
aˆin,R(z− vgt), (66)
while the reflected field is given by
aˆout,L(z
′, t) = i
[ Γ1,1D
2δ1,eff
e2ik(zA−z) +
Γ2,1D
2δ2,eff
e2ik(zB−z)
+
√
Γ1,1DΓ2,1D
Γ12,eff
cos(k∆z)
]
aˆin,R(z
′ + vgt). (67)
If we next assume that the emitters are identical, i.e., Γi,1D =
Γ1D, Γ1 = Γ2 ≡ Γ1D + Γ′ and δ1 = δ2 ≡ δ, we can after
some simplifications find the transmitted output field to be,
aˆout,R =
[
1−
2Γ1D + (1− e2ik∆z) Γ
2
1D
(Γ′+2iδ)
(Γ′ + 2Γ1D + 2iδ) + (1 − e2ik∆z) Γ
2
1D
(Γ′+2iδ)
]
×aˆin,R(z− vgt). (68)
The transmission spectrum evaluated from Eq. (68) can be
shown to be similar to that of a cavity of length L = ∆z =
(zB − zA). Furthermore, for ∆z = qλ/2, where λ is the
wavelength of the incoming photon and q is an integer, the
transmitted amplitude is given by
aˆout,R =
[
1− 2Γ1D
Γ′ + 2Γ1D + 2iδ
]
aˆin,R (69)
From the above expression it is clearly visible that the system
of two emitters become perfectly reflective at resonance and
for Γ′ = 0. The transmission spectrum then has a Lorentzian
window with a width twice that of a single two-level system,
due to the effective enhancement of Γ1D as compared to Eq.
(36) for a single two-level emitter. We find that the emitter
system thus behaves as an ‘atomic mirror’ withNA = 2. This
problem was also investigated in Ref. [35] where the phe-
nomenon of an atomic mirror was reported for multiple emit-
ters. We immediately obtain the same result as [35] by our
formalism, thus exhibiting the strength and simplicity of it.
Additionally, one finds that for emitter spacings close to
sin(k∆z) ≈ 0, the spectrum contains an ultra-narrow trans-
parency window at δ ≈ Γ1D2 sin(k∆z). Thus, the system
moves away from behaving like a mirror with minor change in
∆z about ∆z = nλ/2. This can be understood from the fact
that the dark state, which was in resonance with the bright
state, gets shifted by δ and starts to couple to light. We find
that the FWHM of the resonance line due to the dark state is
now given by Γ1D sin
2(k∆z)/2. Note that in principle this
could be used to transform the waveguide-emitter system into
a narrow frequency filter that selectively allow photons to pass
through for suitable separation distance between the emitters.
The change in the separation can be introduced via external
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FIG. 6. Transmission |T |2 = |〈aˆ†out,Raˆout,R〉/〈aˆ
†
inaˆin〉| for two
two-level emitters coupled to a 1D waveguide. The parameters used
for the plots are (a) β = 1 and comparing four different values of
the phase distance k∆z, (b) transmission as a function of the phase
distance k∆z for δ1 = δ2 = δ = 0.1Γ and 0.3Γ, β = 0.99..
control, for example by moving atoms trapped near a waveg-
uide.
Alternatively, for ∆z = (2q + 1)λ/4, the transmitted am-
plitude becomes
aˆout,R =
(Γ′ + 2iδ)2
(Γ′ + 2iδ)2 + 2Γ1D(Γ′ + 2iδ + Γ1D)
× aˆin,R(z− vgt). (70)
In this case one finds that the transmission spectrum for Γ′ =
0 has a window at resonance with a width
√
2Γ1D.
In Fig. 6 (a) using Eq. (68) we show the transmitted in-
tensity for the two-emitter system as a function of the detun-
ing. In Fig. 6 (b) we show the transmitted intensity for the
two-emitter system for varying spacings of the emitters. The
transmission resonances arise from the fact that the dark state
starts to resonantly couple to the light field.
In the above discussion, we have only considered interac-
tions between the emitters mediated by the waveguide. In the
following, we address the question of closely spaced emit-
ters interacting with each other via their dipolar fields. For
∆z ≤ λ, there is strong dipole-dipole interaction between
the emitters [55–59] and the off-diagonal term in the non-
Hermitian Hamiltonian of Eq. (63) is thus modified. In ad-
dition to the waveguide-mediated coupling, these terms will
have contributions from the direct dipole-dipole interactions
VAB(VBA) between the optical transitions of the emitters
along with collective decays Γ′c to the outside. In the limit
of very small separation, where we can neglect the phase
difference from propagation, the two-emitter system in the
single-excitation regime effectively reduces to a single three-
level system with dynamics similar to that discussed before
in Sec. IV.A. Here the effective V-configuration is realized
by defining a symmetric and anti-symmetric state which are
the eigen-basis of the dipole-coupling Hamiltonian. Here we
shall consider how this situation emerges from the single ex-
citation subspace spanned by the basis {|eA, gB〉, |gA, eB〉}
of the emitters A and B. As such, the subscripts 1 and 2 in
Eq. (62) in the previous case are now replaced with A and B
respectively. The non-Hermitian Hamiltonian then becomes
Hnh =
[
δ˜A VAB − i2
√
ΓA,1DΓB,1D
VBA − i2
√
ΓA,1DΓB,1D δ˜B
]
(71)
where compared to Eq. (62) we now have an extra off-
diagonal elements describing the direct dipole-dipole inter-
action between the two closely separated emitters. As be-
fore we define the complex detuning δ˜j = (δj − i2Γj) with
(j = A,B) and the total decay rate of each emitter given by
Γj = Γ
′
j + Γj,1D. Furthermore, in this case we consider the
limit k∆z → 0 for waveguide-mediated coupling. Using this
we find the transmitted field to be
aˆout,R =
{
1 +
[
4i
√
ΓA,1DΓB,1D|V| cosφ+ 2ΓA,1D
ΓB,1D − ΓA,1D(ΓB + 2iδB)− ΓB,1D(ΓA
+2iδA)]
/[
(ΓA + 2iδA)(ΓB + 2iδB)− ΓA,1DΓB,1D
−4i√ΓA,1DΓB,1D|V| cosφ+ 4|V|2)
]}
aˆin(z− vgt).
(72)
Here we have assumed that the dipole interaction between the
emitters has the form VAB = (VBA)∗ = |V|eiφ.
2. A two-level and a three-level emitter
Let us now investigate how the coherent coupling between
level |2〉 and |3〉 of the second emitter influences the scatter-
ing dynamics. The effect of interference due to such coherent
coupling is different than that due to the waveguide mediated
coupling. To elaborate further, let us compare the two two-
level emitter case with the present situation where the coher-
ent coupling is non-zero, Ω 6= 0. Following two two-level
emitter example we now assume δ2 = δ3 = δB , δ1 = δA,
Γ1,1D = Γ2,1D = Γ3,1D = Γ1D and all Γ
′
i = 0. The transmit-
ted field is then given by
aˆout,R(z, t) =
2δA(Ω + δB)
e2ik∆zΓ21D − (Γ1D + 2iδA)[Γ1D + i(Ω + δB)]
× aˆin,R(z− vgt). (73)
We show the transmission spectrum evaluated using Eq.
(73) in Fig. 7 (a) . We find that the transmission spectrum has
two points of total reflection: at resonance with emitterA, i.e.,
δA = 0 and at δB = −Ω. At δA = 0, the input photon is com-
pletely reflected off the emitter A which behaves as a perfect
mirror and thus emitter B does not ‘see’ any input field. The
scattered output field from the two-emitter system thus has
characteristics reminiscent of total reflection off a single two-
level emitter. The width of this resonance is Γ. At δB = −Ω,
the incoming field is in resonance with the symmetric state,
an eigenstate of emitter B’s excited-subspace Hamiltonian.
From Eq. (73) we find the width of this resonance to be 2Γ.
Finally, our method allows evaluating the scattering dynam-
ics for a general emitter system. We give an example of this in
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FIG. 7. Transmission |T |2 = |〈aˆ†out,Raˆout,R〉/〈aˆ
†
inaˆin〉| from a
two-emitter system. Here we consider a combination of a two-level
emitter and a three-level emitter in the V-configuration coupled to a
1D waveguide. The parameters used for the plots are as follows, for
(a) δA = −3Γ−δ. δB = −2Γ−δ and β = 1, k∆z = 2pi andΩ = 5
while for (b) δ1 = 4Γ − δ, δ2 = −δ, δ3 = 6Γ − δ, Γ1,1D = 0.1Γ,
Γ2,1D = Γ, Γ3,1D = 3Γ, k∆z = 1 and Ω = 2.
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FIG. 8. Three-level emitter with a Λ-type level structure consisting
of two groundstates (|0〉, |1〉) and one excited state (|2〉).
Fig. 7 (b) which displays a complex interplay between various
processes.
V. APPLICATION OF THE PHOTON SCATTERING
FORMALISM TO EMITTERSWITH TWO ORMORE
GROUND-STATES
Until now we have discussed examples that involve only a
single ground-state. Thus, we have not yet needed the effec-
tive operator master equation. To illustrate the full use of our
formalism, in this section we solve a scattering problem in-
volving an emitter with multiple ground-states. We will first
introduce the model system in Sec. V.A and discuss the rele-
vant Hamiltonian and equation of motions. Then in Sec. V.B
and in the subsequent subsections, we discuss in detail the
scattering dynamics of a single photon and a weak coherent
pulse.
A. The Model System and Hamiltonian
For this purpose we consider a single three-level Λ-type
emitter coherently coupled to a waveguide as shown schemat-
ically in Fig. 8. Such a system is generally described by a
Hamiltonian Hˆ = Hˆ0 + Vˆ(~ = 1) where,
Hˆ0 =
2∑
j=0
ωjj σˆjj + HˆF (74a)
Vˆ =
∑
µ
Aµ0 aˆ†µσˆ20 +
∑
µ
Aµ1 aˆ†µσˆ21 +H.c. (74b)
Here Hˆ0 and HˆF are the free-energy and free-field Hamilto-
nian, respectively, while the excitation (de-excitation) opera-
tors are defined by Vˆ+(Vˆ− = [Vˆ+]†). The frequencies ωjj
correspond to the energies of levels |j〉. We assume that the
emitter transitions |2〉 → |j〉 couples to the 1D waveguide
mode with a coupling strengthsAµ=ζj,(1D) and aˆµ=ζ (aˆ†µ=ζ) rep-
resent the corresponding annihilation (creation) operator of
the waveguide mode. Considering the coupling strengths to
be real we can then, following Eq. (22), write the decay from
|j〉 into the waveguide as Γζj,1D = (Aζj,(1D))2. Furthermore,
the decay to the outside of the waveguide is as before, given
by Γ
′
j = (Aµ=sj )2.
In order to solve for the emitter dynamics and the scatter-
ing of such a system in a waveguide, we invoke the photon-
scattering relation of Eq. (7). As part of the effective operator
method [44], we can write the Hamiltonian in standard nota-
tion according to Eq. (26). In Eq. (27), ∆˜e = ∆e − Eg/~,
with∆e = H0 − ω. Here ω is the central frequency of the in-
coming light field and Eg is the energy of the ground-state we
excite out from. From here we see that the non-Hermitian
Hamiltonian is initial-state (ini) dependent. When writing
Hˆnh = Hˆ(ini)e − i2
∑
k Lˆ†kLˆk with
Lˆ1,j = Lˆ′j =
√
Γ′j σˆ2j , (75)
Lˆ2,j = LˆRj =
√
ΓRj,1D σˆ2j , (76)
Lˆ3,j = LˆLj =
√
ΓLj,1D σˆ2j , (77)
two initial-state dependent Hamiltonians emerge:
Hˆ(0)nh =
(
δ0 − iΓ
2
)
σˆ22 ≡ δ˜0σˆ22, (78a)
Hˆ(1)nh =
(
δ1 − iΓ
2
)
σˆ22 ≡ δ˜1σˆ22, (78b)
which describe the excited-subspace energies and decay rates
corresponding to excitation out of the two different ground-
states. Here, we have changed to a rotating frame where δ0 =
(ω22 − ω00 − ω) and δ1 = (ω22 − ω11 − ω). The total decay
rate of the excited state |2〉 is defined as Γ = Γ0,1D +Γ1,1D +
Γ′0 + Γ
′
1, where Γj,1D =
∑
ζ Γ
ζ
j,1D is the total decay rate for
all transitions out of |2〉 into the state |j〉 by emitting into the
1D waveguide mode.
Now, let us assume that the energy separation between the
ground-states is much larger than the linewidths of all states,
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such that the incoming field only drives a single transition.
We pick the exciting transition to be from |0〉 to |2〉, which
can subsequently decay to either ground-state. From here on,
we therefore omit the indices on Hˆ(j)nh and δj . Inverting the
non-Hermitian Hamiltonian in Eq. (78) is straightforward and
yields
Hˆ−1nh = δ˜−1σˆ22 (79)
where δ˜−1 ≡ (δ − i2Γ)−1. For an incoming photon incident
from the left end of the double-sided waveguide and travelling
towards the right, we can write Eq. (7) in terms of the electric
field on the left and right after scattering from the Λ-system
emitter as:
aˆout,R(z, t) =
[
1 + i
(
ΓR0,1Dδ˜
−1σˆ00 + δ˜−1
√
ΓR0,1DΓ
R
1,1D
×σˆ01e−iω01
(z−z0)
vg
)]
aˆin,R(z− vgt), (80)
aˆout,L(z
′, t) = i
(√
ΓL0,1DΓ
R
0,1Dδ˜
−1σˆ00 + δ˜−1
√
ΓL1,1D
×
√
ΓR0,1Dσˆ01e
−iω01 (z0−z
′)
vg
)
e2ik0(z0−z
′)aˆin,R(z
′ + vgt),(81)
where z0 is the position of the emitter, σˆ00 = |0〉〈0| and σˆ01 =
|1〉〈0|, while z is some point to the right of the emitter and
z′ < z0 is to the left of the emitter.
From Eqs. (80) and (81) we see that, unlike the earlier dis-
cussed cases involving only the population of a single ground-
state, the scattered field now involves the response of the
emitter in terms of both the population and coherence of the
ground-states. Furthermore, compared to the previous ex-
amples now the populations of the ground-states |0〉 and |1〉
evolve with time. Hence we now need to invoke the effective-
operator master equation (10) to solve for the dynamics of
the emitter. To use the master equation we first define a ba-
sis {|0〉, |1〉} with σˆij = |j〉〈i|. The effective Hamiltonian
governing the coherent dynamics of the ground-state density
matrix is given by
Hˆeff = −1
2
Vˆ−[Hˆ−1nh + (Hˆ−1nh )†]Vˆ+ + Hˆg, (82)
where the excitation and de-excitation operators are defined
respectively by Vˆ+ =
∑
µAµ0 aˆµσˆ02 +
∑
µAµ1 aˆ
′
µσˆ12 and
Vˆ− =
∑
µAµ0 aˆ†µσˆ20 +
∑
µAµ1 aˆ
′†
µ σˆ21 while Hˆg = ω01σˆ11.
Here the prime on the mode operator reflects that the field
needs to have different frequencies to be resonant with the two
different transition. As in this work we are mainly interested
in the regime where the splitting between the ground states
is large compared to the optical line width, the correspond-
ing mode operators can essentially be considered to represent
two different baths. Recall that Aζj,(1D) =
√
Γζj,1D. Note that
as opposed to the previous examples we will here need to be
careful about the noise terms in the Hˆeff. Such noise terms
arise due to contribution from modes outside of the waveg-
uide in Vˆ±. Using the above expressions for Vˆ± and Eq. (79)
we then evaluateHeff to be
Heff =

 −(
∑
ζζ′
√
Γζ0,1D
√
Γζ
′
0,1Daˆ
†
ζ aˆζ′)
δ
|δ˜|2 + F F
′
F ′† ω01

 .
(83)
Here the noise terms F and F ′ are given respectively by
F = −[∑ζ√Γζ0,1D√Γ′0 aˆ†ζ aˆs +∑ζ√Γζ0,1D√Γ′0 aˆ†saˆζ +
Γ
′
0 aˆ
†
saˆs]δ/|δ˜|2 and F ′ = −
∑
µ
∑
µ′ Aµ0Aµ
′
1 aˆ
†
µaˆ
′
µ′(δ/|δ˜|2).
Furthermore, in writing the |1〉〈1| element of the matrix Heff,
we have neglected the terms
∑
µ
∑
µ′ Aµ1Aµ
′
1 aˆ
′†
µ aˆ
′
µ′ . This is
because there are no photons at the frequency corresponding
to the primed reservoir since we assume that the incoming
field is resonant with the transition |0〉 → |2〉. Also, we define
effective Lindblad decay operators in the form
Lˆkeff = LˆkHˆ−1nh Vˆ+, (84)
for each decay channel k. Recall that as Vˆ± includes modes
outside the waveguide, Lˆkeff also has contribution from the
noise in the system dynamics. In the Λ-system, we drive only
the transition from |0〉 to |2〉, which can decay to either |0〉
or |1〉. We then only have two effective decoherence chan-
nels: population transfer described by |1〉〈0| and a driving-
induced dephasing term (shift) described by |0〉〈0|. Plugging
Eq. (74b), Eqs. (75)- (77), and Eq. (79) into Eq. (84), we find
the following effective Lindblad operators:
Lˆ′eff = δ˜−1
1∑
j=0
√
Γ′j
∑
ζ′
√
Γζ
′
0,1D σˆ0j aˆζ′ ,
+ δ˜−1
1∑
j=0
√
Γ′j
√
Γ
′
0 σˆ0j aˆs, (85)
Lˆζeff = δ˜−1
1∑
j=0
√
Γζj,1D
∑
ζ′
√
Γζ
′
0,(1D)σˆ0j aˆζ′
+ δ˜−1
1∑
j=0
√
Γζj,1D
√
Γ
′
0 σˆ0j aˆs. (86)
We next assume that the coupling of the photon to the right
and left travelling mode in the waveguide have the same
strength such that ΓRj,1D = Γ
L
j,1D = Γj,1D/2. Also, we
consider the incoming field only to be only in the right-
propagating mode, such that aˆL,in|Ψini〉 = 0. Hence, for all
further discussions the scattered field-mode will depend only
on aˆR,in with the other modes aˆs and aˆL contributing to the
losses and noise. For notational simplicity we will represent
aˆR,in by aˆ, while all terms containing aˆs and aˆL will be called
noise.
Combining the above considerations with Eq. (82) and Eq.
(85), we evaluate the effective master equation Eq. (10) for
each element in the ground-state density matrix. This gives a
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series of coupled-component differential equations,
˙ˆσ00 =: − PRaˆ†aˆσˆ00 : + Noise (87a)
˙ˆσ11 =: + PRaˆ
†aˆσˆ00 : + Noise, (87b)
˙ˆσ01 =: + iσˆ01(Heff,22 −Heff,11)
− 1
2
(PR + Pd) aˆ
†aˆσˆ01 : + Noise, (87c)
˙ˆσ10 =: − iσˆ10(Heff,22 −Heff,11)
− 1
2
(PR + Pd) aˆ
†aˆσˆ10 : + Noise, (87d)
whereHeff,jj = 〈j|Heff|j〉 in Eq. (82) and the effective prob-
abilities corresponding to the amplitudes of the operators in
the above equations. These are given by
Pd =
Γ0Γ
R
0,1D
|δ˜|2 , (88)
PR =
Γ1Γ
R
0,1D
|δ˜|2 , (89)
where Pd represents the photon induced dephasing of level
|0〉 while PR represents the total Raman scattering probabil-
ity, i.e., the probability for a single photon to scatter |0〉 →
|2〉 → |1〉, either emitting into the waveguide in either direc-
tion, or to the side. To find these probabilities we have eval-
uated quantities like Pdaˆ
†aˆ =
∑
k=′,R,L〈0|Lˆk†eff |0〉〈0|Lˆkeff|0〉
and PRaˆ
†aˆ =
∑
k=′,R,L〈0|Lˆk†eff |1〉〈1|Lˆkeff|0〉.
The solution of the above set of equations is straightfor-
ward. In particular, we find the solution of the ground-state
occupations to be
σˆ00(t) =: σˆ00(0)e
−PR
∫
t
0
aˆ†aˆdt′ : + Noise, (90a)
σˆ11(t) =: (1− σˆ00(0)e−PR
∫
t
0
aˆ†aˆdt′) : + Noise. (90b)
Thus we see from the solution of the master equation that
the input field drives the population from |0〉 to |1〉 at a rate
PRaˆ
†aˆ, that is proportional to the input-field operators appear-
ing in the excitation terms Vˆ+ in the effective decay channels
Lˆkeff in Eq. (85).
B. The Photon Scattering Dynamics
Now that we have the knowledge of all the relevant dy-
namics, let us investigate light scattering into the waveg-
uide from the emitter. To elucidate the scattering problem
further, we in the following subsections consider three spe-
cific cases: (1) single-photon scattering and the probability
of photo-detection after separating the two frequency compo-
nents in the scattered field via a filter, (2) coherent pulse scat-
tering followed by intensity measurement of unfiltered output,
and lastly (3) generation of a ground-state superposition con-
ditioned on photodetection (click of the detector). For all the
cases discussed below, we assume that the coupling to both
the right-propagating and the left-propagating modes in the
waveguide are equal i.e., ΓRj,1D = Γ
L
j,1D = Γj,1D/2.
1. Frequency filtering of scattered single photon
Let us assume that the input field has a single near resonant
photon only. The photon can excite the |0〉 to |2〉 transition,
and a photon comes out either at the input photon frequency
ω = (ω22 − ω00) − δ0 (blue) or at ω12 = (ω22 − ω11) − δ1
(red). In labelling the photon as red and blue we have as-
sumed ω11 > ω00. If the emitter starts in one ground-state, the
outgoing photon becomes entangled with the emitter ground-
state |0〉 or |1〉. By removing for example blue photons from
the output using a filter, we can condition the experiment on
a click in a detector to say that the emitter has flipped from
state |0〉 to |1〉. Mathematically, the frequency shift is, in our
formalism, contained in the time evolution of the σˆ01 operator
in Eq. (80) and Eq. (81). The action of the frequency filter
thus amounts to only retaining the term containing σˆ01 in Eqs.
(80) and (81). We name the filtered aˆout,R as aˆout,R,red and
henceforth use it to denote the filtered output.
If we consider a single right-going photon input, the proba-
bility of getting a right-going red photon coming out is given
by
PRred ∼
∫ 〈Ψini|aˆ†out,R,red(t)aˆout,R,red(t)|Ψini〉dt∫ 〈Ψini|aˆ†in,R(t)aˆin,R(t)|Ψini〉dt
=
∣∣∣∣∣∣
√
ΓR0,1DΓ
R
1,1D
δ˜
∣∣∣∣∣∣
2
×
∫
〈Ψini|aˆ†in,Rσˆ01(t)σˆ10(t)aˆin,R|Ψini〉dt, (91)
where, |Ψini〉 ≡ aˆ†0|0,∅〉 is the initial state of the
total system with the emitter in state |0〉 and in-
coming right-going single-photon creation operator
aˆ†0 =
∫
dkF †R,kaˆ
†
k, for some suitable mode function
FR,k such that
∫ 〈Ψini|aˆ†in,R(t)aˆin,R(t)|Ψini〉dt = 1.
Using ex =
∑∞
k=0 x
k/k! and normal ordering the
solution in Eq. (90a), the evaluation of the inte-
gral
∫ 〈Ψini|aˆ†in,Rσˆ01(t)σˆ10(t)aˆin,R|Ψini〉dt yields
〈0, ∅R|σˆ00(0)|0, ∅R〉, where we have used that all noise
operators vanish for a vacuum input state.
Now, as the Λ-system is assumed to be initially prepared in
the ground-state |0〉, we have 〈σˆ00(0)〉 = 1. Thus, on substi-
tuting this in Eq. (91) we find
PRred =
β0β1(
1 + 4δ
2
Γ2
) , (92)
where Γ = Γ0,1D + Γ1,1D + Γ
′
0 + Γ
′
1 is the total decay rate
while β0 = Γ0,1D/Γ and β1 = Γ1,1D/Γ. As we assumed
equal rates of decay to the left and right, PRred = P
L
red and
the scattering probability is maximal for Γ0,1D = Γ1,1D with
Γ′ = 0 and on resonance δ = 0. For these parameters, a
single photon has a 50% chance to flip the emitter, and a red
photon is emitted left or right with equal probabilities to yield
a total probability of 25% for detecting the photon. Note that
here the normal ordering of the operators in Eqs. (90a) and
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(90b) is essential for getting the right results. Without normal
ordering the result in Eq. (92) would contain higher-order
terms in the probability, which should not be there for a single
incident photon. Likewise, we can perform filtered detection
of a blue photon, yielding PRblue = 1−(2−β0)β0/
(
1 + 4δ
2
Γ2
)
.
2. Unfiltered total intensity output for a coherent pulse input
Instead of a single photon, if we use a weak coherent pulse
as an input field, the scattering dynamics is different. In this
situation, a coherent pulse input can drive the emitter from
the ground-state |0〉 to |1〉 before the detection time that we
consider, since now the incoming pulse may contain more
than one photon. To study the characteristic of the transmit-
ted field, we again use Eq. (80). Typically, in experiments
one measures the intensity of the output field using photo-
detectors, so we calculate the expectation value of the square
of the output-field operator (without any filtering) as
Iout = 〈aˆ†outaˆout〉 = 〈Ψini|aˆ†outaˆout|Ψini〉, (93)
where |Ψini〉 is the initial state of the emitter-field system. If
we as before choose the emitter to be prepared initially in the
state |0〉 while the field is in the coherent state |α〉 such that
|Ψini〉 = |Ψα〉 = |0, α〉, we get the intensity
Iout = 〈Ψα|aˆ†
[
1 − (2− β0 − β1)β0(
1 + 4δ
2
Γ2
) σˆ00(t)]aˆ|Ψα〉 (94)
where Γ is the total decay rate of the excited level, Γ =
Γ0,1D + Γ1,1D + Γ
′
0 + Γ
′
1. In this calculation we evaluate the
time-dependent density matrix element |0〉〈0| decaying with
the probability PR =
Γ1Γ0,1D
2|δ˜|2 per incident photon.
Let us now evaluate the term 〈Ψα|aˆ†σˆ00(t)aˆ|Ψα〉. Note
that aˆ†aˆ is in the exponential in the solution given in
Eq. (90a) which in turn can be written as a power se-
ries ex =
∑∞
k=0 x
k/k!. Also, recall that the solution to
the master equation assumes normal ordering of the field-
mode operators, such that 〈α| : aˆ†(∑∞k=0(aˆ†aˆ)k/k!)aˆ : |α〉 =∑∞
k=1(α
∗α)k/(k − 1)!. Using this we then get,
〈α| : aˆ†e−PR
∫
t
0
aˆ†aˆdt′ aˆ : |α〉 = |α(t)|2e−PR|α(t)|2t, where
|α(t)|2 is the intensity of the coherent state |Ψα〉. Also, as
before we then choose the initial state such that 〈0|σˆ00(t =
0)|0〉 = 1. We can then write
Iout(t) = |α(t)|2
(
1− Psce−PR
∫
t
0
|α(t′)|2dt′
)
, (95)
where the time t = 0 is defined as the moment the incident
pulse reaches the emitter, and
Psc =
(2 − β0 − β1)β0(
1 + 4δ
2
Γ2
) (96)
is the probability for a single photon to scatter into other di-
rections than the right-going guided mode.
Let us now consider the probability of a click (photo-
detection event) at a detector placed to the right of the emitter.
If the input was a single photon, the probability of detecting a
(any colour) right going photon would be
P
(1)
click = η (1− Psc) = η(PRred + PRblue). (97)
This, e.g., reduces to η, the detection efficiency, forΓ0,1D = 0,
where there is no interaction with the emitter, and goes to zero
for Γ1,1D = Γ
′ = δ = 0 which is a perfectly reflecting two-
level system. If we have a resonant field with no decay to the
side, Γ′ = δ = 0, and equal decay rates Γ0,1D = Γ1,1D = Γ1D,
there will be a 50% chance of passing through to the right.
If, instead, the input is a weak coherent pulse, we need to
integrate the output intensity over the pulse duration T of the
input to find the total number of photons in the output. We
consider a weak pulse, such that the integration yields the
probability of detecting even a single photon. For a coher-
ent pulse of duration T , we can define a total input photon
number n¯ =
∫ T
0 |α(t)|2dt. Thus, using Eq. (95) we get the
detection probability for P
(c)
click ≪ 1 as
P
(c)
click = η
∫ T
0
Iout(t)dt
= η
[
n¯− Psc
PR
[
1− e−PRn¯]]
≈ ηn¯(1 − Psc) = n¯P(1)click, (98a)
where the last approximation is valid in the limit PRn¯ ≪ 1;
In this limit, the number of detected photons is to first order
proportional to P
(1)
click, the probability of transmitting a single
photon to the right.
3. Conditional generation of ground-state superposition
In this example, we demonstrate how our formalism can
be used to describe conditional state preparation in a Λ type
emitter. In particular, our objective is to create a superposi-
tion state of the emitter’s ground levels of the form |Ψ−〉 =
(|0〉 − |1〉)/√2. The physics of this state creation process is
as follows. Due to the two transition pathways in a Λ system,
a photon-scattering process leads to an entangled state of light
and matter of the form |Ψent〉 = 1√2 (|ωblue〉|0〉 − |ωred〉|1〉),
where (ωblue − ωred) = ω01, and where |ω〉 refers to a sin-
gle photon state with frequency ω. Without filtering, the fre-
quency difference between the two ground-states encoded in
the outgoing photon will remain unresolved. A click in the
photo-detector at a certain time t will erase the ‘which path’
information of the scattering, thereby creating the superposi-
tion state |Ψ−〉.
Let us next evaluate the fidelity of being in state |Ψ−〉 =
(|0〉 − |1〉)/√2:
F = 〈Ψ−|ρˆ(c)|Ψ−〉 = 1
2
(ρ
(c)
00 − ρ(c)01 − ρ(c)10 + ρ(c)11 ), (99)
where the elements ρ
(c)
ij of the conditional density matrix ρ
(c)
can be evaluated from Eq. (100) below. Note that, due to
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normalisation, ρ
(c)
11 + ρ
(c)
00 = Tr(ρˆ
(c)) = 1 and we only need
to evaluate the coherence ρ
(c)
01 .
We next lay down a mathematical treatment for the state
creation process. We begin by considering the evolution of the
density matrix elements under the influence of an incoming
coherent pulse. Recall that the output-field operator is also
a function of the emitter operators. To find the total system
evolution, we write the density matrix conditioned on a click
in a detector at time tc
ρ
(c)
ij (tc, T ) =
〈Ψini|aˆ†out(tc)σˆij(T )aˆout(tc)|Ψini〉
〈Ψini|aˆ†out(tc)aˆout(tc)|Ψini〉
. (100)
In Eq. (100), we condition on having a click at a certain
time tc, represented by the operators aˆout. Experimentally
one would however, only consider the first click which ar-
rives at the detector. This makes no difference if the incident
field only contains a single photon since in this case one can-
not have two clicks. With an incident coherent state a more
correct description would be to include in Eq. (100) the re-
quirement that there is no photon detected before the time tc.
Since we mainly consider the limit where the probability of
a detection event is small, the probability of having two de-
tection events in the time interval is negligible and the simple
description in Eq. (100) is sufficient. Furthermore, we wish to
calculate the time evolution of ρ
(c)
01 until a point T , i.e., the full
duration of the incoming pulse sequence. After that, we know
that the free evolution of the coherence will simply oscillate
with the energy difference between the ground-states. Recall
that tc is the time after the start of the pulse, at which a photon
was detected by click in the photo-detector and hence in this
experiment we have tc ≤ T .
In evaluating Eq. (100) we have to be extra careful as
now the vacuum noise operators, which until now we have
neglected play a crucial role in the dynamics of ρ
(c)
ij . In
particular for coherence term like ρ
(c)
01 , one has to evalu-
ate quantities like aˆ†out(tc)σ01(T )aˆout(tc). From Eq. (80)
and Eq. (87) we see that this will then involve terms like
σˆ01(tc)σˆ01(T )σˆ00(tc). Here we need to evaluate a product
of operators at different times. With the normal ordered oper-
ators from in Eq. (90a) we have ensured that the noise op-
erators for each of the terms vanish. This is, however, no
longer the case once we have the product of three normal or-
dered terms and in principle we need to evaluate the noise
terms. To avoid this complication we instead first calculate
ρ(c)(tc, tc). In this case the three operators obey the rela-
tion σˆ10(tc)σˆ01(tc)σˆ00(tc) = σˆ00(tc) since now all time argu-
ments are equal (recall here the definition σˆij = |j〉〈i|, which
leads to unconventional rules for the indices in products of
operators). With this relation we have reduced the product of
three operators to a single operator. We can then simply use
Eq. (90a) for a single time and all noise operators are normal
ordered such that they vanish for initial vacuum states. To find
the final density matrix ρ(c)(tc, T ), we then evolve the density
matrix ρ(c) from tc to T . Using Eq. (87) this gives us
ρ
(c)
01 (tc, T ) = ρ
(c)
01 (tc, tc)e
∫
T
tc
iω′01− 12 (PR+Pd)|α(t)|2dt, (101)
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FIG. 9. (a) Fidelity of the antisymmetric superposition state |Ψ−〉 as
a function of the detection time tc normalized with the pulse dura-
tion T . We plot here for Γ0,1D = Γ1,1D, δ = 0, φz = 0, β = 1,
ω01 = 5
2pi
T
, and an average number of photons n¯ = 0.8. Resolving
the detection time determines the phase of the generated state. The
detection time has an arbitrary offset determined by the spatial po-
sition of the detectors. (b) Fidelity of superposition-state generation
as a function of the β-factor for different values of n¯, the average
photon number in the coherent pulse.
which essentially says that the coherence decays at a rate
1
2 (PR + Pd)|α(t)|2 over a time (T − tc), due to both the
Raman transfer rate and the photon-induced dephasing rate.
Also, its phase rotates at a frequencyω′01 equal to the splitting
between the two ground-states |0〉 and |1〉, ω01, plus some
AC-Stark shift δω = (ω′01 − ω01) induced by the weak co-
herent drive of the |0〉 ground-state, given by δω = 〈Heff11〉 =
Γ0,1D|α(t)|2δ/|δ˜|2.
Now we find the time evolution from t = 0 to the time of
the click tc at the detector. Inserting the output field aˆout in
Eq. (100) yields the elements as follows:
ρ
(c)
01 (tc, tc) =
〈Ψini|aˆ†out(tc)σˆ01(tc)aˆout(tc)|Ψini〉
〈Ψini|aˆ†outaˆout|Ψini〉
. (102)
The denominator of Eq (102), can be recognized
as the intensity of the output, given by Iout(t) =
|α(t)|2
(
1− Psce−PR
∫ t
0
|α(t′)|2dt′
)
.
Next, for notational convenience, let us write the output
field aˆout in Eq. (80) in the form
aˆout = [1 + i (Aσˆ00 +Bσˆ01)] aˆin, (103)
where we define A = Γ0,1D/2δ˜ and B =√
Γ0,1DΓ1,1D/2δ˜ exp[−iω01(z − z0)/vR]. Substituting
Eq. (103) into Eq. (102) we then get
ρ
(c)
01 (tc, tc) = 〈Ψini|aˆ†in [1− i (A∗σˆ00 +B∗σˆ10)] σˆ01(tc)
×
[
1 + i
(
Aσˆ00 +Bσˆ01
)]
aˆin|Ψini〉/Iout(tc).
(104)
Considering only the relevant terms in Eq. (104) we get
ρ
(c)
01 (tc, tc) = |α(tc)|2〈Ψini| [1− i (A∗σˆ00 +B∗σˆ10)]
× σˆ01(tc)
[
1 + i (Aσˆ00 +Bσˆ01)
]
|Ψini〉/Iout(tc).
(105)
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Now evaluating the expectation values of the
operators 〈Ψini|σˆ10(tc)σˆ01(tc)σˆ00(tc)|Ψini〉 =
〈Ψini|σˆ10(tc)σˆ01(tc)|Ψini〉, we get 〈Ψini|σˆ00(t =
0): e−PR
∫
tc
0
aˆ†aˆdt : |Ψini〉 = e−PR
∫
tc
0
|α(t)|2dt. Insert-
ing the solution for ρ
(c)
01 (tc, tc) into Eq. (101) gives us
ρ
(c)
01 (tc, T ) = |α(tc)|2(1 + iA)(−iB∗)
× (e−γ(tc,T )+
∫ T
tc
iω′01(t)dt)/Iout(tc), (106)
where for notational convenience we have introduced a total
‘coherence-decay’ term
γ(tc, T ) = PR
∫ tc
0
|α(t)|2dt+
∫ T
tc
1
2
(PR+Pd)|α(t)|2dt.
(107)
We consider a square pulse of length T and constant inten-
sity |α|2 such that |α|2T = n¯. Combining all these results
and using Eq. (99) and ρ
(c)
10 (tc) = ρ
(c)∗
01 (tc) gives us a (tc, T )-
dependent fidelity:
F (tc, T ) =
1
2
+
1
2
e−γ(tc,T )
√N
D(tc) cosφ(tc, T ) (108)
where we have defined
N
Γ4
=
(
4δ2
Γ2
+ (1− β0)2
)
β0β1, (109)
D(tc) = (1/2)(4δ2 + Γ2)(1 − Psce−PR|α|2tc) (110)
φ(tc, T ) = φz + ω
′
01(T − tc) + arctan
[
2δ/Γ
(1− β0)
]
(111)
with φz = ω01(z − z0)/vR, ω′01 = ω01 +
4β0|α|2δ/Γ/(δ2/(Γ/2)2 + 1) and γ(tc, T ) =
|α|2(PR(tc + T )/2 + Pd(T − tc)/2)
To elucidate the physics contained in the expression for the
fidelity let us consider a specific case where Γ0,1D = Γ1,1D,
Γ′ = 0, δ = 0, φz = ω01(z− zR)/vR = q × 2π with q being
an integer. On using these conditions in Eq. (108) we get
F (tc, T ) =
1
2
+
1
2
(
e−n¯/2
2− e− n¯2 tc/T
)
cos
(
ω01T
[
1− tc
T
])
.
(112)
Note that in deriving the expression for fidelity, we have as-
sumed the detector efficiency η to be small so that the prob-
ability of detecting a photon is small. We plot the fidelity
derived in Eq. (112) for T |α|2 = n¯ = 0.8 and ω01 = 5 2πT ,
as a function of tc/T , in Fig. 9 (a). We find that the fidelity
oscillates depending on the time of the click (detection of a
photon) and that, for the given conditions, the amplitude de-
cays with time. This is because, at later detection times, there
is a larger probability that the emitter has already decayed,
and hence the transmission is dominated by the direct trans-
mission (the unity term in Eq. (80) ). This does not create a
superposition and hence the fidelity becomes lower.
In Fig. 9 (b) we plot the fidelity as a function of β,
(β = β0 + β1) assuming β0 = β1 for different coherent-
pulse average photon numbers. Note that F+ = 1−F− where
F± = |〈Ψ±|Ψ〉|2, so the fidelity for the symmetric superpo-
sition state |Ψ+〉 = (|0〉 + |1〉)/√2 is equal to the fidelity
with respect to the antisymmetric state |Ψ−〉 mirrored about
F = 1/2. In an experiment, the time of detection tc is ran-
domly distributed according to the intensity (95), and as such
doing many of these experiments would on average yield a
fidelity F¯ =
∫ T
0 Iout(tc)F (tc, T )dtc/
∫ T
0 Iout(tc)dtc, if we
do not condition on a particular detection time. Taking the
average results in
F¯ =
1
2
+
1
2
sin(ω01T )
ω01T
e−n¯/2
2− e−n¯/2 . (113)
For suitable limits this can be simplified to
F¯ ≈ 1
2− e−n¯/2 for ω01 ≪
2π
T
(114)
F¯ ≈ 1
2
+
1
2
sin(ω01T )
ω01T
for n¯≪ 1. (115)
From this we find, e.g., for ω01 ≪ 2πT , F¯ ≈ 0.7 for n¯ = 1
and F¯ ≈ (1 − n¯/2) for n¯ ≪ 1. In the limit of ω01 ≫ 2πT
the fidelity reaches a value for a completely mixed state of
F = 1/2. This result is an instance of Heisenberg’s ‘energy-
time’ uncertainty of the Λ-system state. If the detection-time
interval is sufficiently short we cannot resolve the frequency
resulting in a superposition of the possible outcomes. Further-
more, the fidelity decreases with a larger number of photons
in the input coherent pulse because the state will have a larger
decoherence due to scattering of additional photons.
VI. SUMMARY
We have developed a theoretical framework for solving
photon scattering from multiple scatterers in a 1D waveguide.
The formalism can be applied to any system of multi-level
quantum emitters coupled to a 1D waveguide mode. We have
explicitly demonstrated how to apply the formalism to single-
photon/weak-coherent pulse scattering. Our formalism con-
veniently employs the method of the effective operators to
solve the possibly complicated dynamics of the emitters aris-
ing from the interaction with the incoming photons. Our ap-
proach is applicable to both single and double-sided waveg-
uides and can also include chirality in the coupling. We have
shown with several generic examples how one can apply the
developed photon-scattering relation to experimentally viable
physical systems. In particular, we show how our photon scat-
tering formalism gives a direct solution to the nontrivial prob-
lem of generation of a superposition state based on detection
of scattered photons.
It is worth emphasizing that this is a general framework that
can be applied in many different contexts. The examples are
therefore mainly meant as an illustration of how to apply the
technique to achieve non-trivial results with limited calcula-
tions. In particular, we have already applied the formalism to
describe entanglement generation between distant emitters in
Ref. [60]. Such protocols may play an important role in future
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emerging quantum technologies. In this context, waveguides
are particular useful for distributing information and we see
wide application of our formalism both for optical and mi-
crowave qubits.
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Appendix A: Detailed derivation of the photon-scattering relation
In this appendix we provide a detailed derivation of the photon-scattering relation Eq. (7) between the amplitudes of the
incoming and outgoing photons. We start by substituting Eq. (5) into Eq. (4) and then comparing the RHS and LHS of Eq. (4)
to get
i
∑
kf
√
~ωkf
2
~Fkf (~r⊥)aˆkf e
i(kf z−ωkf t) = i
∫
d ~r′⊥Gf (~r⊥, t, ~r′⊥, 0)ǫ(~r′⊥)
∑
kf
√
~ωkf
2
~Fkf (~r
′⊥)aˆkf e
ikf z
+
(
iω
2~
)∑
jj′
∑
gg′
∫ ∞
0
dτ ′eiωgg′ τ σˆg′gGf (~r⊥, t, ~rj⊥, t′)
∑
ee′
[
~djge(H˜nh)−1ee′ ~dj
′
e′g
]
×
∫
d~r′⊥
[
Gf (~rj′⊥, t′, ~r′⊥, 0)ǫ(~r′⊥)i
∑
kf
√
~ωkf
2
~Fkf (~r
′⊥)aˆkf e
ikf z +Gb(~rj′⊥, t′, ~r′⊥, 0)ǫ(~r′⊥)
i
∑
kb
√
~ωkb
2
~Fkb(
~r′⊥)aˆkbe
ikbz
]
+ F (A1)
i
∑
kb
√
~ωkb
2
~Fkb(~r⊥)aˆkbe
i(kbz−ωkb t) = i
∫
d ~r′⊥Gb(~r⊥, t, ~r′⊥, 0)ǫ(~r′⊥)
∑
kb
√
~ωkb
2
~Fkb(
~r′⊥)aˆkbe
ikbz
+
(
iω
2~
)∑
jj′
∑
gg′
∫ ∞
0
dτ ′eiωgg′τ σˆg′gGb(~r⊥, t, ~rj⊥, t′)
∑
ee′
[
~djge(H˜nh)−1ee′ ~dj
′
e′g
]
×
∫
d~r′⊥
[
Gf (~rj′⊥, t′, ~r′⊥, 0)ǫ(~r′⊥)i
∑
kf
√
~ωkf
2
~Fkf (~r
′⊥)aˆkf e
ikf z +Gb(~rj′⊥, t′, ~r′⊥, 0)ǫ(~r′⊥)
i
∑
kb
√
~ωkb
2
~Fkb(~r
′⊥)aˆkbe
ikbz
]
+ F (A2)
The symbol F here stands for noise which corresponds to the field not into the waveguide mode and can be expressed in terms
of Erest,ζ(~r, t) and the Green’s function Grest,ζ(~r, t, ~r′, t′). We next solve the space and time integrals in Eq. (A1) and (A2)
and convert the sum to an integral
∑
k → 1√2π
∫
dk. Finally after multiplying both sides with the mode function ǫ ~F ∗kζ (~r⊥),
integrating over the transverse plane and on comparing the terms on the RHS and LHS, we arrive at an input-output formalism
between the incoming and scattered photons represented respectively by the mode operators, ao,f and ain,f
ao,f
(
t− z
vg
)
= ain,f
(
t− z
vg
)
+
(
iω0π
~vg
)∑
jj′
∑
gg′
e−iωgg′ |z−zj |/vg σˆg′g
∑
ee′
[ (
A∗jfge (Hnh)−1jj′Aj
′f
e′g
)
ain,f (0) +
(
A∗jfge (Hnh)−1ee′Aj
′b
e′g
)
e−2i~k0zjain,b(0)
]
+ F (A3)
ao,b
(
t+
z
vg
)
= ain,b
(
t+
z
vg
)
+
(
iω0π
~vg
)∑
jj′
∑
gg′
e−iωgg′ |z−zj |/vg σˆg′g
∑
ee′
[ (
A∗jfge (Hnh)−1ee′Aj
′f
e′g
)
ain,b(0) +
(
A∗jfge (Hnh)−1jj′Aj
′b
e′g
)
e2i
~k0zjain,f (0)
]
+ F (A4)
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Cǫ
ω
ǫ
−R R
CR
FIG. 10. Contour for evaluating the principal-value integral
Here f(b) signifies the forward (backward) direction of propagation for the incoming and scattered photons. Note that we
consider both the forward and backward contributions to the input field as well as the scattered fields as we assume a double-
sided waveguide with input possible from both ends. In deriving the above set of equations, we have expanded ωk,f/b =
ω0 + vgf/b(kf/b − k0) with kf/b = ±k. Furthermore, we have written the Green’s function in terms of the mode function and
assumed that the transverse field into the waveguide have the mode functions of the form ~Fkf (~r⊥) = ~Fkf (~r⊥)e
i~kf z, ~Fkb(~r⊥) =
~Fkb(~r⊥)e
i~kbz. The coupling strength Aj,(f/b)eg in the above photon-scattering relation is defined as a product of the emitter’s
dipole moments and the field-mode function in the form Aj(f/b)eg =
√
πω
~vg
[
~djeg · ~Fkζ (rj⊥)
]
. Finally we have also defined
different forward and backward mode operators of the incoming and scattered field as
aˆo,f/b
(
t− z
vg
)
=
√
vg
2π
∫
dkf/be
−iδkf/bvg(t− zvg )aˆkf/b (A5)
aˆin,f/b(t) =
√
vg
2π
∫
dkf/be
−iδkf/bvgtaˆkf/b (A6)
(A7)
Eq. (7) and Eq. (8) then follows from Eq. (A3) and Eq. (A4) with the decay into the forward and backward modes of the
waveguide Γ
(f/b)
eg , defined in terms of the coupling strengthsA(f/b)eg and their complex conjugate.
Appendix B: Derivation of the waveguide-mediated coupling between emitters
The waveguide-mediated decay and shifts of the emitter’s excited state are given by,
Γjj
′,e′e
gg′ =
2ω2e′g′
~v2g
{
~dje′g · Im
←→
G ζ(~rj , ~rj′ , ωe′g′) · ~dj
′
g′e
}
, (B1)
Ωjj
′,e′e
gg′ = P
∫
dω
(
ω2
~πv2g
){ ~dje′g · Im←→G ζ · ~dj′g′e
(ω − ωe′g′ + iǫ)
}
. (B2)
Now considering the expression for Im
←→
G ζ(~rj , ~rj′ , ωe′g′) in Eq. (18) and substituting it into the above Eqs. (B1) and (B2) we
get,
Γjj
′,e′e
gg′ = 2
∑
ζ
Ajζk A∗j
′ζ
k cos (kζ |zj − zj′ |) , (B3)
Ωjj
′,e′e
gg′ =
1
2~vg
∑
ζ
P
∫ ∞
−∞
dω′ ω′(gjζω′/vgg
∗j′ζ
ω′/vg
)
[
cos (ω′|zj − zj′ |/vg)
(ω′ − ω + iǫ)
]
(B4)
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where gjζω′/vg =
~djeg · ~Fω′/vg (~rj⊥). We next expand the cosine term in the above integral as [exp(iω′|zj − zj′ |/vg) +
exp(−iω′|zj − zj′ |/vg)]/2 and write Eq. (B4) as sum of two integrals. We then solve the integral with the positive fre-
quency integrand by the method of Cauchy’s principal value over the contour shown in Fig. (10). It can be seen clearly
that the integral does not have a pole inside the big contour CR. Hence from the residue theorem, we find that the total
integral
[∫
CR
+
∫ ω−ǫ
−R +
∫
Cǫ
+
∫R
ω+ǫ
]
dω f(ω) = 0. However, this can be rewritten as
[∫
CR
+
∫ ω−ǫ
−R +
∫ R
ω+ǫ
]
dω f(ω) =
− ∫
Cǫ
dω f(ω). Thus, in the limit of R → ∞ the right hand side can be evaluated in terms of the value of the analyti-
cal function f(ω) for the small contour Cǫ. On evaluating the small contour Cǫ we get
∫∞
−∞ dωf(ω
′) = −iπf(ω), where
f(ω′) = ω′(gjζω′/vgg
∗j′ζ
ω′/vg
)eiω
′|zj−zj′ |/vg . The integral for the negative frequency integrand exp(−iω′|zj − zj′ |/vg)/2 can be
solved similarly by choosing a contour that is mirror reflection of Fig. (10) about the real axis. This then gives for the small con-
tour Cǫ, that goes counter-clockwise
∫∞
−∞ dωf(ω
′) = iπf(ω), where now f(ω′) = ω′(gjζω′/vgg
∗j′ζ
ω′/vg
)e−iω
′|zj−zj′ |/vg . Finally,
on substituting the evaluated integral into Eq. (B4) we find the principal-value integral to be
Ωjj
′,e′e
gg′ = −
∑
ζ
Ajζk A∗j
′ζ
k sin (kζ |zj − zj′ |) , (B5)
where we have used the definition of Ajζk from Sec. III. The evaluated integral thus gives Eq. (19) and Eq. (20) of Sec. III.
Appendix C: Definition of the effective detuning and rates for the two-emitter system
In this appendix we define the effective detunings and decay rates introduced as a part of the non-Hermitian Hamiltonian in
Eq. (63) for the two-emitter system with one being a two-level system while the other system is a three-level in V-configuration.
δ−11,eff ≡

δ˜1 + Γ212
4δ˜2
+
Γ213
4δ˜3
−
(Ω− iΓ23)(Γ
2
12
4δ˜2
+
Γ213
4δ˜3
)− Γ12Γ13
(Ω− iΓ23)− 4δ˜2 δ˜3Ω−iΓ23


−1
(C1a)
δ−12,eff ≡

δ˜2 + Γ212
4δ˜1
− (Ω− iΓ23)
2
4δ˜3
−
Γ13(
Γ212
4δ˜1
− (Ω−iΓ23)2
4δ˜3
) + Γ12(Ω− iΓ23)
Γ13 − 4˜δ1δ˜3Γ13


−1
(C1b)
δ−13,eff ≡

δ˜3 + Γ213
4δ˜1
− (Ω− iΓ23)
2
4δ˜2
−
Γ12(
Γ213
4δ˜1
− (Ω−iΓ23)2
4δ˜2
) + Γ13(Ω− iΓ23)
Γ12 − 4δ˜1 δ˜2Γ12


−1
(C1c)
Γ−112,eff ≡

− i
2
(
Γ12 +
4δ˜1δ˜2
Γ12
+
Γ213
Γ12
δ˜2 − 4 (Ω/2−iΓ23/2)
2
Γ12
δ˜1 − (Ω/2− iΓ23/2)Γ13(1− 4 δ˜1δ˜2Γ212 )
δ˜3 − (Ω/2−iΓ23/2)Γ13Γ12
)

−1
(C2a)
Γ−113,eff ≡

− i
2
(
Γ13 +
4δ˜1δ˜3
Γ13
+
Γ212
Γ13
δ˜3 − 4 (Ω/2−iΓ23/2)
2
Γ13
δ˜1 − (Ω/2− iΓ23/2)Γ12(1 + δ˜1 δ˜3Γ213 )
δ˜2 − (Ω/2−iΓ23/2)Γ12Γ13
)
−1
(C2b)
Γ−123,eff ≡

(Ω/2− iΓ23/2)− δ˜2δ˜3
Ω/2− iΓ23/2 +
1
4
(
Γ12 − Γ13 δ˜2Ω/2−iΓ23/2
)(
Γ13 − Γ12 δ˜3Ω/2−iΓ23/2
)
δ˜1 +
1
4
Γ12Γ13
Ω/2−iΓ23/2


−1
. (C2c)
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